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ABSTRACT
The ongoing COVID-19 pandemic has dramatically changed peo-
ple’s daily lives. A robust forecasting model for COVID-19 infec-
tions is essential for governments and institutions to plan timely and
perform accurate interventions. Mainstream solutions for COVID-
19 prediction fit reported data only by considering observed cases.
However, the neglected facts that positive samples are incomplete
and many facts of the novel disease are unknown may be prone
to cause severe error accumulation, especially in long-term pre-
dictions. To fully understand the spreading patterns of the virus,
we propose an encoder-decoder framework: (i) in the encoder we
embed historical case data into multiple expose-infection ranges
and learn message passing between time slices and across ranges
with coarse-grained human mobility data incorporated; (ii) in the
decoder, we decode the embedded features based on reported cases
as well as deaths to jointly consider the effect of both observed and
hidden data. We model the spreading of disease in over 60 counties
of California and New York, which are two of the most metropolitan
areas in the US. The proposed framework significantly outperforms
state-of-the-art baselines on JHU COVID-19 dataset on both weekly
prediction and daily prediction tasks. We design detailed ablation
studies to verify the effectiveness of each key module and find the
model not only works with the assistance of mobility data but also
with purely cases and deaths, which implies its broad application
scenarios.
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1 INTRODUCTION
Fifteen months after it was declared as a pandemic byWorld Health
Organization (WHO), by May 1st, 2021, the ongoing Coronavirus
Disease 2019 (COVID-19) had claimed the lives of more than 3.2
million people worldwide and more than 150 million had been
reported as infected 1, making it one of the most serious public
health events in human history. The pandemic has not only had
a great influence on individual’s daily life but also disrupted the
economy and public relations of countries.

To prevent the spread of the disease, many countries enacted
intervention strategies such as lock-down, stay-at-home order, and
mandatorymask-wearing rules in public places. Effective thesemea-
sures are, it is also important for governments and organizations to
manipulate the strictness. A loose control that underestimates the
region’s infection risk might lead to the disastrous consequence
of exposing a massive population to the virus. On the other hand,
since the economic and social cost of such measures is high, over-
reaction at low-risk areas can also be problematic. For example, the
closure of nonessential businesses can increase the unemployment
rate and social anxiety. Therefore, to achieve the goal of smart pol-
icy making, it is of necessity to precisely understand the COVID-19
situation of a region and forecast the future trend.

The task of COVID-19 prediction is the most similar in spirit to
time series forecasting. However, compared with typical time series
forecasting settings, such as traffic prediction (e.g., [23, 29]) and
stoke prize prediction (e.g., [2]), COVID-19 prediction poses non-
trivial challenges of: 1) Unknown and complicated epidemio-
logical patterns. As a novel disease, many of the epidemiological
characteristics of the COVID-19 pandemic have yet to be fully ob-
served and quantified. It is not sufficiently understood that, for
example, how infectious one patient is when she is at the asymp-
tomatic phase, how do environment and the susceptible popula-
tion’s background affect infection, and what is the best dosage of
vaccine and re-vaccination interval. Moreover, a common belief is
that the incubation period plays an important role in understanding
and controlling a pandemic, which is defined as the time between
exposure to the virus and symptom onset. But according to [13],
the incubation period of COVID-19 varies significantly, which has
a median of approximately 5 days but can be as long as 22 days.
To model the development of the pandemic, it is desirable to take
these uncertainties into consideration. 2) Missing data. Though
the testing capacity of COVID-19 has been scaling up remarkably
since the outbreak, limited by the time-sensitive nature of the test,
there are always unobserved missing reports. It is concerning that

1based on the data collected by John Hopkins University https://coronavirus.jhu.edu/
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Prediction

Figure 1: Pipeline of the proposed method.

these SARS-CoV-2 carriers may interact freely and unintentionally
with their family and the community. Monitoring these "invisible"
cases can be beneficial in making precise forecasting. 3) Invasion
of privacy. Sharing and processing private data can be helpful in
preventing the spread of the disease. For example, personal trajec-
tories are often required for accurate epidemiological investigation,
tracking, and transmission prevention. However, it could seriously
compromise people’s privacy. Thus, it is of importance to balance
public interest and personal privacy.

To address these challenges, in this paper, we propose an ap-
proach for COVID-19 cases prediction based on an encoder-decoder
framework. The pipeline of the proposed method is illustrated in
Figure 1. The basic rationale behind our approach is that we im-
plicitly model the spreading process of disease in a graph structure
(the encoder) and fit observed cases with both missing cases and
observed cases considered (the decoder). For components of the
encoder, we first introduce the multi-range embedding layer, which
takes reported COVID-19 cases and the human mobility data col-
lected as census block group (CBG) visitor counts as time series and
performs convolution in the time axis to obtain temporal embed-
dings with respect to multiple exposure-infection ranges. Based on
the assumption that infection happens when the infected interact
with the susceptible, in the graph-based within-range exposure-
infection layer, wemodel the potential dependencies of CBG visitors
and COVID-19 confirmed cases by taking embedded features as
nodes of graphs and learning the message passing process between
nodes. A cross-range fusion layer based on the attention mecha-
nism is then applied to fuse information across embedding ranges.
We argue that observed cases are inaccurate and purely using such
incomplete data might downgrade the prediction performance. The
proposed decoder receives COVID-19 cases and deaths as inputs,
which stand for explicit observations and implicit factors. We use a
prediction horizon-aware convolution operation to obtain temporal
embeddings and then implement multi-head attention to decode
outputs of the encoder. The final prediction is then made by linear
transforming of the decoder outputs through multi-layer percep-
tions (MLPs).

The contributions of this paper are summarized as follows:
• We propose a novel encoder-decoder based approach to suc-
cessfully enhance the prediction accuracy of COVID-19. To
the best of our knowledge, this is the first study modeling
COVID-19 spreading with graph neural networks and con-
sidering both observed and hidden cases.

• We present a propagation and fusion mechanism as the en-
coder with regard to multiple exposure-infection ranges to
capture COVID-19’s various incubation periods.

• We propose a decoder that is fed with confirmed cases and
deaths data to jointly model the effect of observed cases and
missing reports.

• Effectiveness of the proposed approach is analyzed and con-
firmed through extensive experiments on JHU US COVID-19
dataset. We also conduct comprehensive ablation studies and
parameter analysis to verify the effectiveness of each key
component.

2 RELATEDWORK
Many efforts have been devoted by recent works to analyzing and
forecasting COVID-19 statistics. According to the method used,
existing models for COVID-19 cases prediction can be categorized
into several groups. (1) SEIR based methods make predictions by
modeling the dynamic transition of the susceptible, exposed, in-
fectious and removed population [11, 15, 17, 20, 28]. Typical focus
of these works is on the estimation of key parameters of the epi-
demiology SEIR model [11] or modifying the basic SEIR model to
adapt to the novel disease [28]. (2) Time-series based methods take
the COVID-19 data as general time series and learn to make predic-
tions with sequential models, such as with hidden Markov models
(HMM) [16], Bayesian hierarchical model (BHM) [4, 28, 31] and
recurrent neural networks (RNNs) [19, 28]. (3) Ensemble methods
hybrid prediction of different models [6, 12, 14]. For example, [14]
is an ensemble of three different models: an auto-regressive model,
long short term memory (LSTM) model and a SEIR model.

The above works mainly focus on how tomake better predictions
with only historical cases (or also with demographic characteristics).
Although there exist some techniques to improve prediction accu-
racy by considering human mobility, which plays an important role
in the spreading of COVID-19, they are not widely adopted because
of complex design or narrow task settings. [7] proposes a mobility
data-driven approach to estimate the epidemiological parameters
of SEIR. Similarly, [5] achieves the same goal by combining epi-
demiological models but requires fine-coursed mobility networks
that model transmission rates between locations and the locations’
epidemiological data. [1, 10, 22] prove that those constraints on
individual movements and social interactions are effective in con-
trolling the spread of the disease. [26] constructs features from
mobility data and then uses a cross-city transfer learning module
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to detect high-risk neighborhoods. Besides, practitioners still use
fixed epidemiological parameters and fail to take into account the
missed data in reported cases.

3 PRELIMINARY
Before describing the proposed method, we first introduce some
preliminary concepts and state the problem.

Definition 3.1. JHU CSSE COVID-19 data. We use the daily re-
ports containing case and death data from the JHU CSSE group 2 as
golden-standard COVID-19 data. For the task of weekly prediction,
we sum over the daily counts by week to produce weekly counts.
The case data is denoted as c and the death data demoted is as f .

Rather than modeling detailed human mobility patterns as pro-
posed in [5], which estimates the number of individuals from CBG
i to POI p at the t-th hour, we sorely use CBG visitor counts data
provided by SafeGraph, which is defined as follows.

Definition 3.2. CBGs visitor counts. A census block group (CBG)
is a geographical unit that typically has a population of 600 to 3,000
people 3. Visitor counts of the i-th CBG, denoted by vi , measures
the daily number of visits to points of interest (POIs) that locate in
the CBG.

Definition 3.3. COVID-19 case prediction. For a county j, at
time t , given a Lx -length observed historical COVID-19 cases and
CBG visitor counts, i.e., X j (t) = [X

j
1(t), ...,X

j
Lx

(t)] ∈ RLx×d
j
x ,

where X j
i (t) = [c

j
i (t),v

j
i,1(t), ...,v

j
i,dx−1

(t)] ∈ Rd
j
x , i ∈ {1, ...,Lx },

the historical deaths F (t)j = [f
j
1 (t), ..., f

j
Lx

(t)] ∈ RLx , the goal of
COVID-19 case prediction is to predict the corresponds cases ∆
steps ahead, i.e., Y j (t) = c

j
Lx+∆(t )

.

4 METHODOLOGY
In this section, we detail two major components of the proposed
method, the encoder for feature embedding and the decoder for
prediction. Note that the following descriptions can be applied to
any county and any input sequence we model. For simplicity, we
omit the county identifier j and input sequence identifier t .

4.1 Encoder
As illustrated in Figure 2, the encoder has three major components:
a temporal embedding layer to generate embeddings of different
ranges, a graph-based within-range expose-infection (GRE) module
to implicitly model the spreading process of SARS-CoV-2 in the
crowd, and a cross-range fusion layer to aggregate information
across ranges.

4.1.1 Temporal Embedding. The COVID-19 incubation period var-
ious widely from case to case, which has a median of 5 days and
can be up to 22 days [13]. To model different durations of getting
exposed to SARS-CoV-2 to being tested positive, we first use several
multi-channel CNNs to obtain temporal features of the input time
series w.r.t. multiple exposure-infection ranges. More specifically,
given the input time series, i.e., X = [X1, ...,XLx ] we apply 1dConv
operation along the time axis of the input with K different kernels.
2https://github.com/CSSEGISandData/COVID-19/tree/master/csse_covid_19_data
3https://en.wikipedia.org/wiki/Census_block_group

For the i − th kernel, i ∈ {1, ...,K}, extracted temporal feature can
be described as:

H0
i = σ (W 0

i ∗ X + b0i ), (1)

where ∗ is the convolution operation,W 0
i is the weight of the i-th

kernel, H0
i = [H0

i,1, ...,H
0
i, L̃ix

] ∈ RC×L̃ix×dx , C is the channels of

convolution, L̃ix denotes the post-convoluted length of the sequence
and 0 means this operation is implemented at the 0-th layer. The
definition of layer will be describe in detail in subsequent part of
the this section.

Temporal features of different exposure-infection ranges are in-
formative. The obtained feature from the kernel of sizeki represents
an observation of ki -length window. For each observation window,
i.e., a specific time slice from the L̃ix -length sequence, there can be
interaction and transmission between dimensions (CBG visitors
and confirmed cases). For example, a susceptible interacts with
an infected and then catches SARS-CoV-2. Moreover, considering
that the incubation period of the disease is uncertain, people who
are infected might be recognized as a case outside the observation
window. Therefore, we can then make use of the obtained feature
embeddings to capture dynamic transitions between groups.

4.1.2 Graph-basedWithin-range Exposure and Infection. Graph as a
ubiquitous data structure has proven to be powerful in representing
relationships between points and its generality [9]. There have been
works that construct and utilize the graph structures of time series
and make predictions [24, 27]. Inspired by these works, we propose
a graph-based within-range exposure-infection (GRE) module to
model the latent interactions between visitors in CBGs and infected
people in graph formalism.

For each specific time slice in L̃ix , we take the case and CBG-
related features as nodes and the potential dependency between
nodes as edges. There are two obstacles in modeling the message
passing between nodes. First, relationships between the nodes are
unknown. Second, it can be computationally expensive to model
two kinds of message, i.e., message that passes between nodes in a
specific time slice and across time slices, aka spatial information
and sequential information.

We deal with the first challenge by learning graph structures
from data. Self-attention [21] is performed over all nodes to compute
the attention values, which are taken as entries of the adaptive
adjacency matrix. As for the second challenge, it is an intuitive and
typical way to separately model the two kinds of message passing
[8, 29]. For example, using convolutional models (e.g., GCN, CNN) to
propagate spatial information and then sequential models to capture
temporal dependencies (e.g. LSTM, GRU) [24, 29]. However, due to
the inherent sequential nature of RNN-based models, parallelization
is disabled, and processing the time series in a serial manner can be
extremely time-consuming as the accumulated time input sequence
get longer. We here propose an effective and efficient way to jointly
propagate the two kinds of message.

Consider the input sequence as a whole, then there are in total
dx L̃

i
x nodes. The extracted feature vectors (∈ RC ) can be used as

embeddings of the nodes. The adjacency matrix Al ∈ Rdx L̃
i
x×dx L̃

i
x

is calculated as:
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K<latexit sha1_base64="PSSVX5sx4bmWKmtVN38ZCOGvY4o=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdi1MZ0BG8EmEXOBZAmzk7PJmNnZZWZWCEuewMZCEVufwsqHsPNtnFwKTfxh4OP/z2HOOUEiuDau++2srK6tb2zmtvLbO7t7+4WDw4aOU8WwzmIRq1ZANQousW64EdhKFNIoENgMhleTvPmASvNY3plRgn5E+5KHnFFjrdpNt1B0S+5UZBm8ORQvPz9uwaraLXx1ejFLI5SGCap123MT42dUGc4EjvOdVGNC2ZD2sW1R0gi1n00HHZNT6/RIGCv7pCFT93dHRiOtR1FgKyNqBnoxm5j/Ze3UhGU/4zJJDUo2+yhMBTExmWxNelwhM2JkgTLF7ayEDaiizNjb5O0RvMWVl6FxXvLckldzi5UyzJSDYziBM/DgAipwDVWoAwOER3iGF+feeXJenbdZ6Yoz7zmCP3LefwBcUI7I</latexit><latexit sha1_base64="XI2R4Z25you8e/uR/irg+Gp/aag=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYzYCPYJGAukCxhdnI2GTM7u8zMCmFJaWVjoYitT5HKh7DzGXwJJ5dCE38Y+Pj/c5hzjh9zprTjfFmZldW19Y3sZm5re2d3L79/UFdRIinWaMQj2fSJQs4E1jTTHJuxRBL6HBv+4GqSN+5RKhaJWz2M0QtJT7CAUaKNVb3p5AtO0ZnKXgZ3DoXLj3H1++F4XOnkP9vdiCYhCk05UarlOrH2UiI1oxxHuXaiMCZ0QHrYMihIiMpLp4OO7FPjdO0gkuYJbU/d3x0pCZUahr6pDInuq8VsYv6XtRIdlLyUiTjRKOjsoyDhto7sydZ2l0mkmg8NECqZmdWmfSIJ1eY2OXMEd3HlZaifF12n6FadQrkEM2XhCE7gDFy4gDJcQwVqQAHhEZ7hxbqznqxX621WmrHmPYfwR9b7D2ZLkQ0=</latexit><latexit sha1_base64="XI2R4Z25you8e/uR/irg+Gp/aag=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYzYCPYJGAukCxhdnI2GTM7u8zMCmFJaWVjoYitT5HKh7DzGXwJJ5dCE38Y+Pj/c5hzjh9zprTjfFmZldW19Y3sZm5re2d3L79/UFdRIinWaMQj2fSJQs4E1jTTHJuxRBL6HBv+4GqSN+5RKhaJWz2M0QtJT7CAUaKNVb3p5AtO0ZnKXgZ3DoXLj3H1++F4XOnkP9vdiCYhCk05UarlOrH2UiI1oxxHuXaiMCZ0QHrYMihIiMpLp4OO7FPjdO0gkuYJbU/d3x0pCZUahr6pDInuq8VsYv6XtRIdlLyUiTjRKOjsoyDhto7sydZ2l0mkmg8NECqZmdWmfSIJ1eY2OXMEd3HlZaifF12n6FadQrkEM2XhCE7gDFy4gDJcQwVqQAHhEZ7hxbqznqxX621WmrHmPYfwR9b7D2ZLkQ0=</latexit><latexit sha1_base64="93jhsb5+CPOMx2F+w981SSxJPH4=">AAAB6HicbVA9SwNBEJ2LXzF+JGppsxgEq3BnY8qAjWCTgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKW9s7u3vF/dLB4dFxuXJy2tFxqhi2WSxi1QuoRsEltg03AnuJQhoFArvB9Hbhd59QaR7LBzNL0I/oWPKQM2qs1LofVqpuzV2CbBIvJ1XI0RxWvgajmKURSsME1brvuYnxM6oMZwLnpUGqMaFsSsfYt1TSCLWfLQ+dk0urjEgYK1vSkKX6eyKjkdazKLCdETUTve4txP+8fmrCup9xmaQGJVstClNBTEwWX5MRV8iMmFlCmeL2VsImVFFmbDYlG4K3/vIm6VzXPLfmtdxqo57HUYRzuIAr8OAGGnAHTWgDA4RneIU359F5cd6dj1VrwclnzuAPnM8fncOMwQ==</latexit>

Linear Linear

MatMul

LeakyReLU+
SoftMax

Eout
<latexit sha1_base64="wcx3wHvikCAv1yhm+9nx/tSeN6A=">AAAB7nicbVDLSgNBEOz1GaPRqEcvg0HwFHa9mGNABI8RzAOSJcxOZpMhs7PLTI8QlnyEFw+KePU7/ARv/o2Tx0ETCxqKqm66u6JMCoO+/+1tbG5t7+wW9or7B6XDo/LxScukVjPeZKlMdSeihkuheBMFSt7JNKdJJHk7Gt/M/PYj10ak6gEnGQ8TOlQiFoyik9q3/Ty1OO2XK37Vn4Osk2BJKvXSpyUA0OiXv3qDlNmEK2SSGtMN/AzDnGoUTPJpsWcNzygb0yHvOqpowk2Yz8+dkgunDEicalcKyVz9PZHTxJhJErnOhOLIrHoz8T+vazGuhblQmUWu2GJRbCXBlMx+JwOhOUM5cYQyLdythI2opgxdQkUXQrD68jppXVUDvxrcuzRqsEABzuAcLiGAa6jDHTSgCQzG8AQv8Opl3rP35r0vWje85cwp/IH38QPDVpFK</latexit><latexit sha1_base64="fWelW0tQQAjm6cPumVpUdCq/uFo=">AAAB7nicbVDLSgMxFM3UV61Wqy7dBEvBVZlxY5cFUVxWsA9oh5JJM21oJhmSG6EM/Qg3LhRxJ36Hn+DOvzF9LLT1wIXDOfdy7z1RKrgB3//2chubW9s7+d3C3n7x4LB0dNwyymrKmlQJpTsRMUxwyZrAQbBOqhlJIsHa0fhq5rcfmDZcyXuYpCxMyFDymFMCTmpf9zNlYdovlf2qPwdeJ8GSlOvFT1u5Kbw3+qWv3kBRmzAJVBBjuoGfQpgRDZwKNi30rGEpoWMyZF1HJUmYCbP5uVNcccoAx0q7koDn6u+JjCTGTJLIdSYERmbVm4n/eV0LcS3MuEwtMEkXi2IrMCg8+x0PuGYUxMQRQjV3t2I6IppQcAkVXAjB6svrpHVRDfxqcOfSqKEF8ugUnaFzFKBLVEe3qIGaiKIxekTP6MVLvSfv1XtbtOa85cwJ+gPv4wcScJJF</latexit><latexit sha1_base64="fWelW0tQQAjm6cPumVpUdCq/uFo=">AAAB7nicbVDLSgMxFM3UV61Wqy7dBEvBVZlxY5cFUVxWsA9oh5JJM21oJhmSG6EM/Qg3LhRxJ36Hn+DOvzF9LLT1wIXDOfdy7z1RKrgB3//2chubW9s7+d3C3n7x4LB0dNwyymrKmlQJpTsRMUxwyZrAQbBOqhlJIsHa0fhq5rcfmDZcyXuYpCxMyFDymFMCTmpf9zNlYdovlf2qPwdeJ8GSlOvFT1u5Kbw3+qWv3kBRmzAJVBBjuoGfQpgRDZwKNi30rGEpoWMyZF1HJUmYCbP5uVNcccoAx0q7koDn6u+JjCTGTJLIdSYERmbVm4n/eV0LcS3MuEwtMEkXi2IrMCg8+x0PuGYUxMQRQjV3t2I6IppQcAkVXAjB6svrpHVRDfxqcOfSqKEF8ugUnaFzFKBLVEe3qIGaiKIxekTP6MVLvSfv1XtbtOa85cwJ+gPv4wcScJJF</latexit><latexit sha1_base64="nc5njOunpM604BINZjPjC8l4CSA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0v5hgQwWME84BkCbOT2WTI7Mwy0yuEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpVJY9P1vb2Nza3tnt7RX3j84PDqunJy2rc4M4y2mpTbdiFouheItFCh5NzWcJpHknWhyO/c7T9xYodUjTlMeJnSkRCwYRSd17ga5znA2qFT9mr8AWSdBQapQoDmofPWHmmUJV8gktbYX+CmGOTUomOSzcj+zPKVsQke856iiCbdhvjh3Ri6dMiSxNq4UkoX6eyKnibXTJHKdCcWxXfXm4n9eL8O4HuZCpRlyxZaL4kwS1GT+OxkKwxnKqSOUGeFuJWxMDWXoEiq7EILVl9dJ+7oW+LXgwa826kUcJTiHC7iCAG6gAffQhBYwmMAzvMKbl3ov3rv3sWzd8IqZM/gD7/MHi7iPpg==</latexit>

A
<latexit sha1_base64="MC8J6RliEFidh+PogJgw3bDUmi0=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdi1MZ0RG8tEzAWSJcxOziZjZmeXmVkhLHkCGwtFbH0KKx/Czrdxcik08YeBj/8/hznnBIng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMYXk/y5gMqzWN5Z0YJ+hHtSx5yRo21alfdQtEtuVORZfDmULz8/LgFq2q38NXpxSyNUBomqNZtz02Mn1FlOBM4zndSjQllQ9rHtkVJI9R+Nh10TE6t0yNhrOyThkzd3x0ZjbQeRYGtjKgZ6MVsYv6XtVMTlv2MyyQ1KNnsozAVxMRksjXpcYXMiJEFyhS3sxI2oIoyY2+Tt0fwFldehsZ5yXNLXs0tVsowUw6O4QTOwIMLqMANVKEODBAe4RlenHvnyXl13malK8685wj+yHn/AU0ojr4=</latexit><latexit sha1_base64="BECRKNOWOkc8Z8ePv/zKjkkhOB8=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYzYmOZgLlAsoTZydlkzOzsMjMrhCWllY2FIrY+RSofws5n8CWcXApN/GHg4//PYc45fsyZ0o7zZWVWVtfWN7Kbua3tnd29/P5BXUWJpFijEY9k0ycKORNY00xzbMYSSehzbPiD60neuEepWCRu9TBGLyQ9wQJGiTZW9aqTLzhFZyp7Gdw5FC4/xtXvh+NxpZP/bHcjmoQoNOVEqZbrxNpLidSMchzl2onCmNAB6WHLoCAhKi+dDjqyT43TtYNImie0PXV/d6QkVGoY+qYyJLqvFrOJ+V/WSnRQ8lIm4kSjoLOPgoTbOrInW9tdJpFqPjRAqGRmVpv2iSRUm9vkzBHcxZWXoX5edJ2iW3UK5RLMlIUjOIEzcOECynADFagBBYRHeIYX6856sl6tt1lpxpr3HMIfWe8/VyORAw==</latexit><latexit sha1_base64="BECRKNOWOkc8Z8ePv/zKjkkhOB8=">AAAB6HicbZC7SgNBFIbPxluMt6ilIItBsAq7NqYzYmOZgLlAsoTZydlkzOzsMjMrhCWllY2FIrY+RSofws5n8CWcXApN/GHg4//PYc45fsyZ0o7zZWVWVtfWN7Kbua3tnd29/P5BXUWJpFijEY9k0ycKORNY00xzbMYSSehzbPiD60neuEepWCRu9TBGLyQ9wQJGiTZW9aqTLzhFZyp7Gdw5FC4/xtXvh+NxpZP/bHcjmoQoNOVEqZbrxNpLidSMchzl2onCmNAB6WHLoCAhKi+dDjqyT43TtYNImie0PXV/d6QkVGoY+qYyJLqvFrOJ+V/WSnRQ8lIm4kSjoLOPgoTbOrInW9tdJpFqPjRAqGRmVpv2iSRUm9vkzBHcxZWXoX5edJ2iW3UK5RLMlIUjOIEzcOECynADFagBBYRHeIYX6856sl6tt1lpxpr3HMIfWe8/VyORAw==</latexit><latexit sha1_base64="iTyKcJdiXSGevMlmsGIdkiLgL/Q=">AAAB6HicbVA9TwJBEJ3DL8QPUEubjcTEitzZSImxsYREPhK4kL1lDlb29i67eybkwi+wsdAYW3+Snf/GBa5Q8CWTvLw3k5l5QSK4Nq777RS2tnd294r7pYPDo+Ny5eS0o+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPp3cLvPqHSPJYPZpagH9Gx5CFn1FipdTusVN2auwTZJF5OqpCjOax8DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonl1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sua55bs1rudVGPY+jCOdwAVfgwQ004B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwR84nz+Om4y3</latexit>

eH l�1
<latexit sha1_base64="jJWUFdfvw1x1rVyPy4KT0+rZUQc=">AAAB/HicbVC5TsNAEB2HK4TLkJLGIkKiIbJpSEckmpQBkUNKQrReT5JV1od21yDLMr9CQwFCtIiKj6Djb9gcBSQ8aaSn92Y0M8+NOJPKtr+N3Mrq2vpGfrOwtb2zu2fuHzRlGAuKDRryULRdIpGzABuKKY7tSCDxXY4td3w58Vt3KCQLgxuVRNjzyTBgA0aJ0lLfLHbvmYeKcQ/TWnab8lMn65slu2xPYS0TZ05KF58f16BR75tfXS+ksY+BopxI2XHsSPVSIhSjHLNCN5YYETomQ+xoGhAfZS+dHp9Zx1rxrEEodAXKmqq/J1LiS5n4ru70iRrJRW8i/ud1YjWo9FIWRLHCgM4WDWJuqdCaJGF5TCBVPNGEUMH0rRYdEUGo0nkVdAjO4svLpHlWduyyc2WXqhWYIQ+HcAQn4MA5VKEGdWgAhQQe4RlejAfjyXg13matOWM+U4Q/MN5/AJLGltk=</latexit><latexit sha1_base64="di18qB1ukSUuYgf8tGU3lug61Hg=">AAAB/HicbVDLSsNAFJ3UV62vaJeCBIvgxpK4sTsLbrpswT6gjWUyuWmHTh7MTJQQ4s7vcONCEbfSlR/hzm/wJ5w+Ftp64MLhnHu59x4nYlRI0/zSciura+sb+c3C1vbO7p6+f9ASYcwJNEnIQt5xsABGA2hKKhl0Ig7Ydxi0ndHVxG/fAhc0DK5lEoHt40FAPUqwVFJfL/buqAuSMhfSWnaTsjMr6+sls2xOYSwTa05Klx/jxvfD0bje1z97bkhiHwJJGBaia5mRtFPMJSUMskIvFhBhMsID6CoaYB+EnU6Pz4wTpbiGF3JVgTSm6u+JFPtCJL6jOn0sh2LRm4j/ed1YehU7pUEUSwjIbJEXM0OGxiQJw6UciGSJIphwqm41yBBzTKTKq6BCsBZfXiat87Jllq2GWapW0Ax5dIiO0Smy0AWqohqqoyYiKEGP6Bm9aPfak/aqvc1ac9p8poj+QHv/AZzBmR4=</latexit><latexit sha1_base64="di18qB1ukSUuYgf8tGU3lug61Hg=">AAAB/HicbVDLSsNAFJ3UV62vaJeCBIvgxpK4sTsLbrpswT6gjWUyuWmHTh7MTJQQ4s7vcONCEbfSlR/hzm/wJ5w+Ftp64MLhnHu59x4nYlRI0/zSciura+sb+c3C1vbO7p6+f9ASYcwJNEnIQt5xsABGA2hKKhl0Ig7Ydxi0ndHVxG/fAhc0DK5lEoHt40FAPUqwVFJfL/buqAuSMhfSWnaTsjMr6+sls2xOYSwTa05Klx/jxvfD0bje1z97bkhiHwJJGBaia5mRtFPMJSUMskIvFhBhMsID6CoaYB+EnU6Pz4wTpbiGF3JVgTSm6u+JFPtCJL6jOn0sh2LRm4j/ed1YehU7pUEUSwjIbJEXM0OGxiQJw6UciGSJIphwqm41yBBzTKTKq6BCsBZfXiat87Jllq2GWapW0Ax5dIiO0Smy0AWqohqqoyYiKEGP6Bm9aPfak/aqvc1ac9p8poj+QHv/AZzBmR4=</latexit><latexit sha1_base64="2D+ryy0etrLutqMxcvkc3fKwLAY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCF0vixR4LXnqsYD+gjWWzmbRLN5uwu1FCqH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xPOlHacb6u0sbm1vVPereztHxwe2ccnXRWnkkKHxjyWfZ8o4ExARzPNoZ9IIJHPoedPb+Z+7wGkYrG401kCXkTGgoWMEm2kkV0dPrIANOMB5K3Zfc4v3dnIrjl1ZwG8TtyC1FCB9sj+GgYxTSMQmnKi1MB1Eu3lRGpGOcwqw1RBQuiUjGFgqCARKC9fHD/D50YJcBhLU0Ljhfp7IieRUlnkm86I6Ila9ebif94g1WHDy5lIUg2CLheFKcc6xvMkcMAkUM0zQwiVzNyK6YRIQrXJq2JCcFdfXifdq7rr1N1bp9ZsFHGU0Sk6QxfIRdeoiVqojTqIogw9o1f0Zj1ZL9a79bFsLVnFTBX9gfX5A9Q5lNI=</latexit>

eH l
<latexit sha1_base64="Xv0DEOHy9T6PbJddM2JkuwpX3aU=">AAAB+nicbVC5TsNAEB2HK4TLgZLGIkKiimwa0hGJJmVA5JCSEK3X42SV9aHdNVFk/Ck0FCBES0HFR9DxN2yOAhKeNNLTezOamefGnEll299Gbm19Y3Mrv13Y2d3bPzCLh00ZJYJig0Y8Em2XSOQsxIZiimM7FkgCl2PLHV1N/dY9Csmi8FZNYuwFZBAyn1GitNQ3i90x81Ax7mFay+5SnvXNkl22Z7BWibMgpcvPjxvQqPfNr64X0STAUFFOpOw4dqx6KRGKUY5ZoZtIjAkdkQF2NA1JgLKXzk7PrFOteJYfCV2hsmbq74mUBFJOAld3BkQN5bI3Ff/zOonyK72UhXGiMKTzRX7CLRVZ0xwsjwmkik80IVQwfatFh0QQqnRaBR2Cs/zyKmmelx277FzbpWoF5sjDMZzAGThwAVWoQR0aQGEMj/AML8aD8WS8Gm/z1pyxmDmCPzDefwCsNJZn</latexit><latexit sha1_base64="/DEbVZ7jJLbk8wQwHnSVp91iaWM=">AAAB+nicbVDLSsNAFJ3UV62vVJeCBIvgqiRu7M6Cmy5bsA9oY5lMbtuhk0mYmVhKzNLPcONCEbcuuvIj3PkN/oTTx0JbD1w4nHMv997jRYxKZdtfRmZtfWNzK7ud29nd2z8w84cNGcaCQJ2ELBQtD0tglENdUcWgFQnAgceg6Q2vp37zDoSkIb9R4wjcAPc57VGClZa6Zr4zoj4oynxIKultwtKuWbCL9gzWKnEWpHD1Mal9P5xMql3zs+OHJA6AK8KwlG3HjpSbYKEoYZDmOrGECJMh7kNbU44DkG4yOz21zrTiW71Q6OLKmqm/JxIcSDkOPN0ZYDWQy95U/M9rx6pXchPKo1gBJ/NFvZhZKrSmOVg+FUAUG2uCiaD6VosMsMBE6bRyOgRn+eVV0rgoOnbRqdmFcgnNkUXH6BSdIwddojKqoCqqI4JG6BE9oxfj3ngyXo23eWvGWMwcoT8w3n8Ati+YrA==</latexit><latexit sha1_base64="/DEbVZ7jJLbk8wQwHnSVp91iaWM=">AAAB+nicbVDLSsNAFJ3UV62vVJeCBIvgqiRu7M6Cmy5bsA9oY5lMbtuhk0mYmVhKzNLPcONCEbcuuvIj3PkN/oTTx0JbD1w4nHMv997jRYxKZdtfRmZtfWNzK7ud29nd2z8w84cNGcaCQJ2ELBQtD0tglENdUcWgFQnAgceg6Q2vp37zDoSkIb9R4wjcAPc57VGClZa6Zr4zoj4oynxIKultwtKuWbCL9gzWKnEWpHD1Mal9P5xMql3zs+OHJA6AK8KwlG3HjpSbYKEoYZDmOrGECJMh7kNbU44DkG4yOz21zrTiW71Q6OLKmqm/JxIcSDkOPN0ZYDWQy95U/M9rx6pXchPKo1gBJ/NFvZhZKrSmOVg+FUAUG2uCiaD6VosMsMBE6bRyOgRn+eVV0rgoOnbRqdmFcgnNkUXH6BSdIwddojKqoCqqI4JG6BE9oxfj3ngyXo23eWvGWMwcoT8w3n8Ati+YrA==</latexit><latexit sha1_base64="EnFFwHoKXbkbqa3GIcC7rdcdwaI=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5J4sceClx4r2A9oY9lsJu3SzSbsbiwl5qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5fsKZ0o7zbZW2tnd298r7lYPDo+MTu3raVXEqKXRozGPZ94kCzgR0NNMc+okEEvkcev70duH3HkEqFot7PU/Ai8hYsJBRoo00sqvDGQtAMx5A1sofMp6P7JpTd5bAm8QtSA0VaI/sr2EQ0zQCoSknSg1cJ9FeRqRmlENeGaYKEkKnZAwDQwWJQHnZ8vQcXxolwGEsTQmNl+rviYxESs0j33RGRE/UurcQ//MGqQ4bXsZEkmoQdLUoTDnWMV7kgAMmgWo+N4RQycytmE6IJFSbtComBHf95U3Sva67Tt29c2rNRhFHGZ2jC3SFXHSDmqiF2qiDKJqhZ/SK3qwn68V6tz5WrSWrmDlDf2B9/gDtp5Rg</latexit>

GRE Module

x N

eHN
1,eL1

x
<latexit sha1_base64="UgbzPuNikTEef80kxVmHM6P8suo=">AAACEnicbVDJSgNBEK1xN26jHr0MBkFBwrQXPQpePIgomAWyDD09laRJz0J3jxqGAf9AEH/FiwdFvHry5t/YWQ5qfFDweK+Kqnp+IrjSrvtlTU3PzM7NLywWlpZXVtfs9Y2KilPJsMxiEcuaTxUKHmFZcy2wlkikoS+w6vdOBn71GqXicXSl+wk2Q9qJeJszqo3k2XuNGx6g5iLA7DRvZee5l5H9H+JZ7t22MpLnnl10S+4QziQhY1I8JlcPdwBw4dmfjSBmaYiRZoIqVSduopsZlZozgXmhkSpMKOvRDtYNjWiIqpkNX8qdHaMETjuWpiLtDNWfExkNleqHvukMqe6qv95A/M+rp7p91Mx4lKQaIzZa1E6Fo2NnkI8TcIlMi74hlElubnVYl0rKtEmxYEIgf1+eJJWDEnFL5NKkcQQjLMAWbMMuEDiEYziFCygDg3t4ghd4tR6tZ+vNeh+1TlnjmU34BevjGxOVoHY=</latexit><latexit sha1_base64="q3uNXwgNwVGNqKpfRfDemyY5A78=">AAACEnicbVDJSgNBEO2JW4xbNN68DAZBQcK0F3MMeMlBJEI2yDL09FSSJj0L3T1qGOYbBPFXvHhQxKsnb/6Bn2FnOcTog4LHe1VU1XNCzqSyrC8jtbS8srqWXs9sbG5t72R39+oyiASFGg14IJoOkcCZDzXFFIdmKIB4DoeGM7wY+40bEJIFflWNQuh4pO+zHqNEacnOnrRvmQuKcRfictKNrxI7xqdz4mVi33VjnCR2Nm8VrAnMvwTPSL6Eqw+j3Pd+xc5+tt2ARh74inIiZQtboerERChGOSSZdiQhJHRI+tDS1CceyE48eSkxj7Timr1A6PKVOVHnJ2LiSTnyHN3pETWQi95Y/M9rRapX7MTMDyMFPp0u6kXcVIE5zsd0mQCq+EgTQgXTt5p0QAShSqeY0SHgxZf/kvpZAVsFfK3TKKIp0ugAHaJjhNE5KqEyqqAaougePaEX9Go8Gs/Gm/E+bU0Zs5kc+gXj4wd0RaF+</latexit><latexit sha1_base64="q3uNXwgNwVGNqKpfRfDemyY5A78=">AAACEnicbVDJSgNBEO2JW4xbNN68DAZBQcK0F3MMeMlBJEI2yDL09FSSJj0L3T1qGOYbBPFXvHhQxKsnb/6Bn2FnOcTog4LHe1VU1XNCzqSyrC8jtbS8srqWXs9sbG5t72R39+oyiASFGg14IJoOkcCZDzXFFIdmKIB4DoeGM7wY+40bEJIFflWNQuh4pO+zHqNEacnOnrRvmQuKcRfictKNrxI7xqdz4mVi33VjnCR2Nm8VrAnMvwTPSL6Eqw+j3Pd+xc5+tt2ARh74inIiZQtboerERChGOSSZdiQhJHRI+tDS1CceyE48eSkxj7Timr1A6PKVOVHnJ2LiSTnyHN3pETWQi95Y/M9rRapX7MTMDyMFPp0u6kXcVIE5zsd0mQCq+EgTQgXTt5p0QAShSqeY0SHgxZf/kvpZAVsFfK3TKKIp0ugAHaJjhNE5KqEyqqAaougePaEX9Go8Gs/Gm/E+bU0Zs5kc+gXj4wd0RaF+</latexit><latexit sha1_base64="2TOAQniz7lmDYvqLzS9yI6AJpqs=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSIoSEnc2GXBTRciFewD2jRMJjft0MmDmYlaQr7Bjb/ixoUibl2582+ctlnU1gMXDufcy733uDGjQprmj1ZYWV1b3yhulra2d3b39P2DlogSTqBJIhbxjosFMBpCU1LJoBNzwIHLoO2OriZ++x64oFF4J8cx2AEehNSnBEslOfpZ74F6ICnzIK1n/fQmc1LrfE68zpzHfmplmaOXzYo5hbFMrJyUUY6Go3/3vIgkAYSSMCxE1zJjaaeYS0oYZKVeIiDGZIQH0FU0xAEIO52+lBknSvEMP+KqQmlM1fmJFAdCjANXdQZYDsWiNxH/87qJ9Kt2SsM4kRCS2SI/YYaMjEk+hkc5EMnGimDCqbrVIEPMMZEqxZIKwVp8eZm0LiqWWbFuzXKtmsdRREfoGJ0iC12iGqqjBmoigp7QC3pD79qz9qp9aJ+z1oKWzxyiP9C+fgGXs56f</latexit>

eHN
2,eL2

x
<latexit sha1_base64="zISNvd67tCCJLW0hB0+4whoMO/k=">AAACEnicbVDJSgNBEK2JW4xb1KOXwSAoSJjJxRwDXnIQiZANsgw9PRXTpGehu0cNw4B/IIi/4sWDIl49efNv7CwHtwcFj/eqqKrnRpxJZVmfRmZhcWl5JbuaW1vf2NzKb+80ZRgLig0a8lC0XSKRswAbiimO7Ugg8V2OLXd0OvFbVygkC4O6GkfY88llwAaMEqUlJ3/UvWYeKsY9TKppPzlPnaR0/E08S52bflJKUydfsIrWFOZfYs9JoWLX728BoObkP7peSGMfA0U5kbJjW5HqJUQoRjmmuW4sMSJ0RC6xo2lAfJS9ZPpSah5oxTMHodAVKHOqfp9IiC/l2Hd1p0/UUP72JuJ/XidWg3IvYUEUKwzobNEg5qYKzUk+pscEUsXHmhAqmL7VpEMiCFU6xZwOwf798l/SLBVtq2hf6DTKMEMW9mAfDsGGE6hAFWrQAAp38AjP8GI8GE/Gq/E2a80Y85ld+AHj/QsWtKB4</latexit><latexit sha1_base64="8fWCqwkifqzV/GSsQlafzlraqIQ=">AAACEnicbVDJSgNBEO2JW4zbaLx5GQyCgoSZXMwx4CUHkQjZIMvQ01NJmvQsdPeoYZhvEMRf8eJBEa+evPkHfoad5RATHxQ83quiqp4TMiqkaX5rqZXVtfWN9GZma3tnd0/fP6iLIOIEaiRgAW86WACjPtQklQyaIQfsOQwazvBy7DdugQsa+FU5CqHj4b5Pe5RgqSRbP2vfURckZS7E5aQbXyd2XDifE68S+74bF5LE1nNm3pzAWCbWjORKVvVxlP05rNj6V9sNSOSBLwnDQrQsM5SdGHNJCYMk044EhJgMcR9aivrYA9GJJy8lxolSXKMXcFW+NCbq/ESMPSFGnqM6PSwHYtEbi/95rUj2ip2Y+mEkwSfTRb2IGTIwxvkYLuVAJBspggmn6laDDDDHRKoUMyoEa/HlZVIv5C0zb92oNIpoijQ6QsfoFFnoApVQGVVQDRH0gJ7RK3rTnrQX7V37mLamtNlMFv2B9vkLd2ShgA==</latexit><latexit sha1_base64="8fWCqwkifqzV/GSsQlafzlraqIQ=">AAACEnicbVDJSgNBEO2JW4zbaLx5GQyCgoSZXMwx4CUHkQjZIMvQ01NJmvQsdPeoYZhvEMRf8eJBEa+evPkHfoad5RATHxQ83quiqp4TMiqkaX5rqZXVtfWN9GZma3tnd0/fP6iLIOIEaiRgAW86WACjPtQklQyaIQfsOQwazvBy7DdugQsa+FU5CqHj4b5Pe5RgqSRbP2vfURckZS7E5aQbXyd2XDifE68S+74bF5LE1nNm3pzAWCbWjORKVvVxlP05rNj6V9sNSOSBLwnDQrQsM5SdGHNJCYMk044EhJgMcR9aivrYA9GJJy8lxolSXKMXcFW+NCbq/ESMPSFGnqM6PSwHYtEbi/95rUj2ip2Y+mEkwSfTRb2IGTIwxvkYLuVAJBspggmn6laDDDDHRKoUMyoEa/HlZVIv5C0zb92oNIpoijQ6QsfoFFnoApVQGVVQDRH0gJ7RK3rTnrQX7V37mLamtNlMFv2B9vkLd2ShgA==</latexit><latexit sha1_base64="+p9+nkxI3pkztVf3NKAWpFNYZZ4=">AAACEnicbVDLSsNAFJ34rPUVdekmWAQFKUk3dllw04VIBfuANg2TyU07dPJgZqKWkG9w46+4caGIW1fu/BunbRa19cCFwzn3cu89bsyokKb5o62srq1vbBa2its7u3v7+sFhS0QJJ9AkEYt4x8UCGA2hKalk0Ik54MBl0HZHVxO/fQ9c0Ci8k+MY7AAPQupTgqWSHP2890A9kJR5kNazfnqTOWnlYk68zpzHflrJMkcvmWVzCmOZWDkpoRwNR//ueRFJAgglYViIrmXG0k4xl5QwyIq9RECMyQgPoKtoiAMQdjp9KTNOleIZfsRVhdKYqvMTKQ6EGAeu6gywHIpFbyL+53UT6VftlIZxIiEks0V+wgwZGZN8DI9yIJKNFcGEU3WrQYaYYyJVikUVgrX48jJpVcqWWbZuzVKtmsdRQMfoBJ0hC12iGqqjBmoigp7QC3pD79qz9qp9aJ+z1hUtnzlCf6B9/QKa0p6h</latexit>

eHN
K,eLK

x
<latexit sha1_base64="Jt1/zDP2jvCIdIxCoqWHgG6UO+Q=">AAACEnicbVBNS8NAEJ3Ur1q/oh69BEVQkJJ4sUfBi1ARBfsBbQ2bzUSXbj7Y3aglBPwHgvhXvHhQxKsnb/4bt62H2vpg4PHeDDPzvIQzqWz72yhMTc/MzhXnSwuLS8sr5upaXcapoFijMY9F0yMSOYuwppji2EwEktDj2PC6R32/cYNCsji6UL0EOyG5iljAKFFacs3d9i3zUTHuY3acX2anuZtV90bEk9y9u8yqee6aW3bZHsCaJM4v2Tp0Lh7vAeDMNb/afkzTECNFOZGy5diJ6mREKEY55qV2KjEhtEuusKVpREKUnWzwUm5ta8W3gljoipQ1UEcnMhJK2Qs93RkSdS3Hvb74n9dKVVDpZCxKUoURHS4KUm6p2OrnY/lMIFW8pwmhgulbLXpNBKFKp1jSITjjL0+S+n7ZscvOuU6jAkMUYQM2YQccOIBDOIYzqAGFB3iGV3gznowX4934GLYWjN+ZdfgD4/MHZLugqg==</latexit><latexit sha1_base64="J4esBY7UTvHRybrP/NiqYQoTgfI=">AAACEnicbVDJSgNBEO1xjXEbjTcvg0FQkDDjxRwDXgIRiZANsgw9PZWkSc9Cd48ahvkGQfwVLx4U8erJm3/gZ9hZDjHxQcHjvSqq6jkho0Ka5re2tLyyurae2khvbm3v7Op7+zURRJxAlQQs4A0HC2DUh6qkkkEj5IA9h0HdGVyO/PotcEEDvyKHIbQ93PNplxIslWTrp6076oKkzIW4mHTi68SOS2cz4lVi33fiUpLYetbMmWMYi8SakmzBqjwOMz8HZVv/arkBiTzwJWFYiKZlhrIdYy4pYZCkW5GAEJMB7kFTUR97INrx+KXEOFaKa3QDrsqXxlidnYixJ8TQc1Snh2VfzHsj8T+vGcluvh1TP4wk+GSyqBsxQwbGKB/DpRyIZENFMOFU3WqQPuaYSJViWoVgzb+8SGrnOcvMWTcqjTyaIIUO0RE6QRa6QAVURGVURQQ9oGf0it60J+1Fe9c+Jq1L2nQmg/5A+/wFxWuhsg==</latexit><latexit sha1_base64="J4esBY7UTvHRybrP/NiqYQoTgfI=">AAACEnicbVDJSgNBEO1xjXEbjTcvg0FQkDDjxRwDXgIRiZANsgw9PZWkSc9Cd48ahvkGQfwVLx4U8erJm3/gZ9hZDjHxQcHjvSqq6jkho0Ka5re2tLyyurae2khvbm3v7Op7+zURRJxAlQQs4A0HC2DUh6qkkkEj5IA9h0HdGVyO/PotcEEDvyKHIbQ93PNplxIslWTrp6076oKkzIW4mHTi68SOS2cz4lVi33fiUpLYetbMmWMYi8SakmzBqjwOMz8HZVv/arkBiTzwJWFYiKZlhrIdYy4pYZCkW5GAEJMB7kFTUR97INrx+KXEOFaKa3QDrsqXxlidnYixJ8TQc1Snh2VfzHsj8T+vGcluvh1TP4wk+GSyqBsxQwbGKB/DpRyIZENFMOFU3WqQPuaYSJViWoVgzb+8SGrnOcvMWTcqjTyaIIUO0RE6QRa6QAVURGVURQQ9oGf0it60J+1Fe9c+Jq1L2nQmg/5A+/wFxWuhsg==</latexit><latexit sha1_base64="2pkuV4EJmFrpDS5WMEbk1+oqOXU=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSIoSEnc2GXBTaEiFewD2jRMJjft0MmDmYlaQr7Bjb/ixoUibl2582+cPha19cCFwzn3cu89bsyokKb5o+VWVtfWN/Kbha3tnd09ff+gKaKEE2iQiEW87WIBjIbQkFQyaMcccOAyaLnDq7HfugcuaBTeyVEMdoD7IfUpwVJJjn7WfaAeSMo8SKtZL73JnLR2PideZ85jL61lmaMXzZI5gbFMrBkpohnqjv7d9SKSBBBKwrAQHcuMpZ1iLilhkBW6iYAYkyHuQ0fREAcg7HTyUmacKMUz/IirCqUxUecnUhwIMQpc1RlgORCL3lj8z+sk0i/bKQ3jREJIpov8hBkyMsb5GB7lQCQbKYIJp+pWgwwwx0SqFAsqBGvx5WXSvChZZsm6NYuV8iyOPDpCx+gUWegSVVAV1VEDEfSEXtAbeteetVftQ/uctua02cwh+gPt6xfo2Z7T</latexit>

…

Qen
<latexit sha1_base64="wrDNBc43stCSuHaUJaI5kGzNghw=">AAAB7XicbVA9SwNBEJ2LXzF+RVPaLIaAVbizMWXAxjIB8wHJEfY2c8mavb1jd08IRzp/gI2FIrb+Hzs7f4qbj0ITHww83pthZl6QCK6N6345ua3tnd29/H7h4PDo+KR4etbWcaoYtlgsYtUNqEbBJbYMNwK7iUIaBQI7weRm7nceUGkeyzszTdCP6EjykDNqrNRuDjKUs0Gx7FbdBcgm8VakXC9VHr8BoDEofvaHMUsjlIYJqnXPcxPjZ1QZzgTOCv1UY0LZhI6wZ6mkEWo/W1w7IxWrDEkYK1vSkIX6eyKjkdbTKLCdETVjve7Nxf+8XmrCmp9xmaQGJVsuClNBTEzmr5MhV8iMmFpCmeL2VsLGVFFmbEAFG4K3/vImaV9VPbfqNW0aNVgiD+dwAZfgwTXU4RYa0AIG9/AEL/DqxM6z8+a8L1tzzmqmBH/gfPwALtWQ/w==</latexit><latexit sha1_base64="JMEviIAl7a4Pm5xst9/SazdLcdE=">AAAB7XicbVBLSgNBEK3xG+MvmqWbxhBwFWbcmGXAjcsEzAeSEHo6NUmbnp6hu0cIQ3YewI0LRdx6Ew/gTg/gCTyAnc9CEx8UPN6roqqeHwuujet+OGvrG5tb25md7O7e/sFh7ui4oaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R5dRv3qLSPJLXZhxjN6QDyQPOqLFSo9ZLUU56uYJbcmcgq8RbkEIlX7z7fvv6rPZy751+xJIQpWGCat323Nh0U6oMZwIn2U6iMaZsRAfYtlTSEHU3nV07IUWr9EkQKVvSkJn6eyKlodbj0LedITVDvexNxf+8dmKCcjflMk4MSjZfFCSCmIhMXyd9rpAZMbaEMsXtrYQNqaLM2ICyNgRv+eVV0jgveW7Jq9k0yjBHBk7gFM7AgwuowBVUoQ4MbuAeHuHJiZwH59l5mbeuOYuZPPyB8/oDqNKTmQ==</latexit><latexit sha1_base64="JMEviIAl7a4Pm5xst9/SazdLcdE=">AAAB7XicbVBLSgNBEK3xG+MvmqWbxhBwFWbcmGXAjcsEzAeSEHo6NUmbnp6hu0cIQ3YewI0LRdx6Ew/gTg/gCTyAnc9CEx8UPN6roqqeHwuujet+OGvrG5tb25md7O7e/sFh7ui4oaNEMayzSESq5VONgkusG24EtmKFNPQFNv3R5dRv3qLSPJLXZhxjN6QDyQPOqLFSo9ZLUU56uYJbcmcgq8RbkEIlX7z7fvv6rPZy751+xJIQpWGCat323Nh0U6oMZwIn2U6iMaZsRAfYtlTSEHU3nV07IUWr9EkQKVvSkJn6eyKlodbj0LedITVDvexNxf+8dmKCcjflMk4MSjZfFCSCmIhMXyd9rpAZMbaEMsXtrYQNqaLM2ICyNgRv+eVV0jgveW7Jq9k0yjBHBk7gFM7AgwuowBVUoQ4MbuAeHuHJiZwH59l5mbeuOYuZPPyB8/oDqNKTmQ==</latexit><latexit sha1_base64="0qQXHMkYhSTOoQ5auNF8MNI4Gvw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKex6MceAF48JmAckS5id9CZjZmeWmVkhLPkHLx4U8er/ePNvnDwOmljQUFR1090VpYIb6/vfXmFre2d3r7hfOjg8Oj4pn561jco0wxZTQuluRA0KLrFluRXYTTXSJBLYiSZ3c7/zhNpwJR/sNMUwoSPJY86odVK7OchRzgblil/1FyCbJFiRCqzQGJS/+kPFsgSlZYIa0wv81IY51ZYzgbNSPzOYUjahI+w5KmmCJswX187IlVOGJFbalbRkof6eyGlizDSJXGdC7dise3PxP6+X2bgW5lymmUXJloviTBCryPx1MuQamRVTRyjT3N1K2JhqyqwLqORCCNZf3iTtm2rgV4OmX6nXVnEU4QIu4RoCuIU63EMDWsDgEZ7hFd485b14797HsrXgrWbO4Q+8zx+tAY8j</latexit>

Ken
<latexit sha1_base64="rfY/hrfjGGukUFL8EzcBWFjO+zU=">AAAB7XicbVDLSgNBEOyNrxiNRj16GQyCp7DrxRwDXgQvEcwDkhBmJ73JmNmZZWZWCEv+wYsHRbz6H36CN//GyeOgiQUNRVU33V1hIrixvv/t5TY2t7Z38ruFvf3iwWHp6LhpVKoZNpgSSrdDalBwiQ3LrcB2opHGocBWOL6e+a1H1IYreW8nCfZiOpQ84oxaJzVv+xnKab9U9iv+HGSdBEtSrhU/UwIA9X7pqztQLI1RWiaoMZ3AT2wvo9pyJnBa6KYGE8rGdIgdRyWN0fSy+bVTcu6UAYmUdiUtmau/JzIaGzOJQ9cZUzsyq95M/M/rpDaq9jIuk9SiZItFUSqIVWT2OhlwjcyKiSOUae5uJWxENWXWBVRwIQSrL6+T5mUl8CvBnUujCgvk4RTO4AICuIIa3EAdGsDgAZ7gBV495T17b977ojXnLWdO4A+8jx/baZDB</latexit><latexit sha1_base64="tMwpoB/gb0qKs5Pbc/T02J5NQJA=">AAAB7XicbVDLSgNBEOz1GVejUY9eBkPAU9j1Yo4BQQQvEcwDkhBmJ73JmNnZZWZWCEv+wYsHRTzqf/gJ3vwbJ4+DJhY0FFXddHcFieDaeN63s7a+sbm1ndtxd/fy+weFw6OGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDEaXU7/5gErzWN6ZcYLdiA4kDzmjxkqNm16GctIrFL2yNwNZJf6CFKv5z7R05b7XeoWvTj9maYTSMEG1bvteYroZVYYzgRO3k2pMKBvRAbYtlTRC3c1m105IySp9EsbKljRkpv6eyGik9TgKbGdEzVAve1PxP6+dmrDSzbhMUoOSzReFqSAmJtPXSZ8rZEaMLaFMcXsrYUOqKDM2INeG4C+/vEoa52XfK/u3No0KzJGDEziFM/DhAqpwDTWoA4N7eIRneHFi58l5dd7mrWvOYuYY/sD5+AEqg5G8</latexit><latexit sha1_base64="tMwpoB/gb0qKs5Pbc/T02J5NQJA=">AAAB7XicbVDLSgNBEOz1GVejUY9eBkPAU9j1Yo4BQQQvEcwDkhBmJ73JmNnZZWZWCEv+wYsHRTzqf/gJ3vwbJ4+DJhY0FFXddHcFieDaeN63s7a+sbm1ndtxd/fy+weFw6OGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDEaXU7/5gErzWN6ZcYLdiA4kDzmjxkqNm16GctIrFL2yNwNZJf6CFKv5z7R05b7XeoWvTj9maYTSMEG1bvteYroZVYYzgRO3k2pMKBvRAbYtlTRC3c1m105IySp9EsbKljRkpv6eyGik9TgKbGdEzVAve1PxP6+dmrDSzbhMUoOSzReFqSAmJtPXSZ8rZEaMLaFMcXsrYUOqKDM2INeG4C+/vEoa52XfK/u3No0KzJGDEziFM/DhAqpwDTWoA4N7eIRneHFi58l5dd7mrWvOYuYY/sD5+AEqg5G8</latexit><latexit sha1_base64="BSJ9Ev4cTs3tyLq8ZszzIxHSfKE=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5sTBmwEWwimA9IjrC3mSRr9naP3T0hHPkPNhaK2Pp/7Pw3bpIrNPHBwOO9GWbmRYngxvr+t1fY2Nza3inulvb2Dw6PyscnLaNSzbDJlFC6E1GDgktsWm4FdhKNNI4EtqPJzdxvP6E2XMkHO00wjOlI8iFn1DqpddfPUM765Ypf9Rcg6yTISQVyNPrlr95AsTRGaZmgxnQDP7FhRrXlTOCs1EsNJpRN6Ai7jkoaowmzxbUzcuGUARkq7UpaslB/T2Q0NmYaR64zpnZsVr25+J/XTe2wFmZcJqlFyZaLhqkgVpH562TANTIrpo5Qprm7lbAx1ZRZF1DJhRCsvrxOWlfVwK8G936lXsvjKMIZnMMlBHANdbiFBjSBwSM8wyu8ecp78d69j2VrwctnTuEPvM8fo8uPHQ==</latexit>
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Figure 2: An overview of the encoder.

Al = So f tmax(LeakyReLU (
H̃ l−1W l

Q (H̃
l−1W l

K )
T

√
dK

)), (2)

where WQ and WK ∈ RC×dK are parameter matrices dK is the
dimension of the self-attention layer, H̃ l−1 ∈ RL̃

i
xdx×C , l ≥ 1

is the 2D-reshaped version of H l−1
i , which is the embedding of

nodes obtained from the previous GRE layer. Rather using the ReLU
function used in [25], we adopt LeakyReLU as activation function
to eliminate weak connections, where the negative slope is set close
to −∞. The embedding of nodes are updated as

ĥl−1i =
∑
j ∈Ni

(Ai jh
l−1
j ),

hli = дe ([h
l−1
i ; ĥl−1i ];θe ),

(3)

where Nj is the set of neighbors of the i-th node, [·; ·] is the concate-
nation operation,дe (;θe ) denotes the transforming block consisting
of one MLP layer.

By stacking multiple layers, the GRE module is able to propagate
information from different neighborhood levels.

4.1.3 Cross-range Fusion. Information within a fixed range is in-
tensive and temporally characteristic. Instead of taking information
across ranges as independent, we find it beneficial to mix it.

The cross-range fusion layer is implemented as multi-headed
self-attention [21]. Obtaining updated node embeddings from the
last layer of GRE, denoted as L, we feed the cross-range fusion
model with the corresponding last time step, which is the closest
step to our prediction target. Output of the encoder can be expressed
as follows,

Eout = MultiHeadAttn(Qen ,Ken ,Ven ),

Qen = Ken = Ven = [HL
1, L̃1x

; ...;HL
i, L̃ix

; ...;HL
K, L̃Kx

],
(4)

where HL
i, L̃ix

is embedding of the last time step in the i-th exposure-
infection range.

4.2 Decoder
The challenge of robust prediction arises when the statistic of ob-
served data is incomplete. Though cruel, a common belief is that
the reported death can be more reliable and serve as an indicator of
the true process of the pandemic. It is promising that there might
be strong merits in introducing deaths into the prediction model.
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Vde
<latexit sha1_base64="MuMOlVj0dWeniFSrOKt00FIjPoA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKNi20oWw203btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjk6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQo+YAzaqzk+/08wmm/WnPr7hxklXgFqUGBZr/61YsSlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+v3ZKzqwSkUGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mRlcBzmXaWZQssWiQSaIScjsdRJxhcyIiSWUKW5vJWxEFWXGBlSxIXjLL68S/6LuuXXv/rLWuCniKMMJnMI5eHAFDbiDJrSAwSM8wyu8OYnz4rw7H4vWklPMHMMfOJ8/qb2PLA==</latexit><latexit sha1_base64="MuMOlVj0dWeniFSrOKt00FIjPoA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKNi20oWw203btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjk6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQo+YAzaqzk+/08wmm/WnPr7hxklXgFqUGBZr/61YsSlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+v3ZKzqwSkUGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mRlcBzmXaWZQssWiQSaIScjsdRJxhcyIiSWUKW5vJWxEFWXGBlSxIXjLL68S/6LuuXXv/rLWuCniKMMJnMI5eHAFDbiDJrSAwSM8wyu8OYnz4rw7H4vWklPMHMMfOJ8/qb2PLA==</latexit><latexit sha1_base64="MuMOlVj0dWeniFSrOKt00FIjPoA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKNi20oWw203btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjk6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQo+YAzaqzk+/08wmm/WnPr7hxklXgFqUGBZr/61YsSlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+v3ZKzqwSkUGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mRlcBzmXaWZQssWiQSaIScjsdRJxhcyIiSWUKW5vJWxEFWXGBlSxIXjLL68S/6LuuXXv/rLWuCniKMMJnMI5eHAFDbiDJrSAwSM8wyu8OYnz4rw7H4vWklPMHMMfOJ8/qb2PLA==</latexit><latexit sha1_base64="MuMOlVj0dWeniFSrOKt00FIjPoA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKNi20oWw203btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjk6yRTDFssEYnqhFSj4BJbhhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQo+YAzaqzk+/08wmm/WnPr7hxklXgFqUGBZr/61YsSlsUoDRNU667npibIqTKcCZxWepnGlLIxHWLXUklj1EE+v3ZKzqwSkUGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mRlcBzmXaWZQssWiQSaIScjsdRJxhcyIiSWUKW5vJWxEFWXGBlSxIXjLL68S/6LuuXXv/rLWuCniKMMJnMI5eHAFDbiDJrSAwSM8wyu8OYnz4rw7H4vWklPMHMMfOJ8/qb2PLA==</latexit>

Qde
<latexit sha1_base64="7zVx3oKEdJjnqKk/CyOVm/xEdsY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymYzaddudsPuRiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuSDRyJrBlmOHYTRWSJOTYCcd3M7/zhEozKR7MJMUgIUPBYkaJsVK7OcgjnA4qVa/mzeGuEr8gVSjQGFS++pGkWYLCUE607vleaoKcKMMox2m5n2lMCR2TIfYsFSRBHeTza6fuuVUiN5bKljDuXP09kZNE60kS2s6EmJFe9mbif14vM/FNkDORZgYFXSyKM+4a6c5edyOmkBo+sYRQxeytLh0RRaixAZVtCP7yy6ukfVnzvZrfvKrWb4s4SnAKZ3ABPlxDHe6hAS2g8AjP8ApvjnRenHfnY9G65hQzJ/AHzucPohCPJw==</latexit><latexit sha1_base64="7zVx3oKEdJjnqKk/CyOVm/xEdsY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymYzaddudsPuRiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuSDRyJrBlmOHYTRWSJOTYCcd3M7/zhEozKR7MJMUgIUPBYkaJsVK7OcgjnA4qVa/mzeGuEr8gVSjQGFS++pGkWYLCUE607vleaoKcKMMox2m5n2lMCR2TIfYsFSRBHeTza6fuuVUiN5bKljDuXP09kZNE60kS2s6EmJFe9mbif14vM/FNkDORZgYFXSyKM+4a6c5edyOmkBo+sYRQxeytLh0RRaixAZVtCP7yy6ukfVnzvZrfvKrWb4s4SnAKZ3ABPlxDHe6hAS2g8AjP8ApvjnRenHfnY9G65hQzJ/AHzucPohCPJw==</latexit><latexit sha1_base64="7zVx3oKEdJjnqKk/CyOVm/xEdsY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymYzaddudsPuRiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuSDRyJrBlmOHYTRWSJOTYCcd3M7/zhEozKR7MJMUgIUPBYkaJsVK7OcgjnA4qVa/mzeGuEr8gVSjQGFS++pGkWYLCUE607vleaoKcKMMox2m5n2lMCR2TIfYsFSRBHeTza6fuuVUiN5bKljDuXP09kZNE60kS2s6EmJFe9mbif14vM/FNkDORZgYFXSyKM+4a6c5edyOmkBo+sYRQxeytLh0RRaixAZVtCP7yy6ukfVnzvZrfvKrWb4s4SnAKZ3ABPlxDHe6hAS2g8AjP8ApvjnRenHfnY9G65hQzJ/AHzucPohCPJw==</latexit><latexit sha1_base64="7zVx3oKEdJjnqKk/CyOVm/xEdsY=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymYzaddudsPuRiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLU8608bxvZ219Y3Nru7RT3t3bPzisHB23tcwUxRaVXKpuSDRyJrBlmOHYTRWSJOTYCcd3M7/zhEozKR7MJMUgIUPBYkaJsVK7OcgjnA4qVa/mzeGuEr8gVSjQGFS++pGkWYLCUE607vleaoKcKMMox2m5n2lMCR2TIfYsFSRBHeTza6fuuVUiN5bKljDuXP09kZNE60kS2s6EmJFe9mbif14vM/FNkDORZgYFXSyKM+4a6c5edyOmkBo+sYRQxeytLh0RRaixAZVtCP7yy6ukfVnzvZrfvKrWb4s4SnAKZ3ABPlxDHe6hAS2g8AjP8ApvjnRenHfnY9G65hQzJ/AHzucPohCPJw==</latexit>

K̂de
<latexit sha1_base64="fv+KNOCvW05UBDP/BH1jz+5OKo8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2AJpTNZtMu3XywOxFKyN/w4kERr/4Zb/4bt20O2vpg4PHeDDPz/FQKjbb9bVXW1jc2t6rbtZ3dvf2D+uFRVyeZYrzDEpmovk81lyLmHRQoeT9VnEa+5D1/cjvze09caZHEjzhNuRfRUSxCwSgayXXHFPP7YpgHvBjWG3bTnoOsEqckDSjRHta/3CBhWcRjZJJqPXDsFL2cKhRM8qLmZpqnlE3oiA8MjWnEtZfPby7ImVECEibKVIxkrv6eyGmk9TTyTWdEcayXvZn4nzfIMLz2chGnGfKYLRaFmSSYkFkAJBCKM5RTQyhTwtxK2JgqytDEVDMhOMsvr5LuRdOxm87DZaN1U8ZRhRM4hXNw4ApacAdt6ACDFJ7hFd6szHqx3q2PRWvFKmeO4Q+szx9vwZHu</latexit><latexit sha1_base64="fv+KNOCvW05UBDP/BH1jz+5OKo8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2AJpTNZtMu3XywOxFKyN/w4kERr/4Zb/4bt20O2vpg4PHeDDPz/FQKjbb9bVXW1jc2t6rbtZ3dvf2D+uFRVyeZYrzDEpmovk81lyLmHRQoeT9VnEa+5D1/cjvze09caZHEjzhNuRfRUSxCwSgayXXHFPP7YpgHvBjWG3bTnoOsEqckDSjRHta/3CBhWcRjZJJqPXDsFL2cKhRM8qLmZpqnlE3oiA8MjWnEtZfPby7ImVECEibKVIxkrv6eyGmk9TTyTWdEcayXvZn4nzfIMLz2chGnGfKYLRaFmSSYkFkAJBCKM5RTQyhTwtxK2JgqytDEVDMhOMsvr5LuRdOxm87DZaN1U8ZRhRM4hXNw4ApacAdt6ACDFJ7hFd6szHqx3q2PRWvFKmeO4Q+szx9vwZHu</latexit><latexit sha1_base64="fv+KNOCvW05UBDP/BH1jz+5OKo8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2AJpTNZtMu3XywOxFKyN/w4kERr/4Zb/4bt20O2vpg4PHeDDPz/FQKjbb9bVXW1jc2t6rbtZ3dvf2D+uFRVyeZYrzDEpmovk81lyLmHRQoeT9VnEa+5D1/cjvze09caZHEjzhNuRfRUSxCwSgayXXHFPP7YpgHvBjWG3bTnoOsEqckDSjRHta/3CBhWcRjZJJqPXDsFL2cKhRM8qLmZpqnlE3oiA8MjWnEtZfPby7ImVECEibKVIxkrv6eyGmk9TTyTWdEcayXvZn4nzfIMLz2chGnGfKYLRaFmSSYkFkAJBCKM5RTQyhTwtxK2JgqytDEVDMhOMsvr5LuRdOxm87DZaN1U8ZRhRM4hXNw4ApacAdt6ACDFJ7hFd6szHqx3q2PRWvFKmeO4Q+szx9vwZHu</latexit><latexit sha1_base64="fv+KNOCvW05UBDP/BH1jz+5OKo8=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi+Clgv2AJpTNZtMu3XywOxFKyN/w4kERr/4Zb/4bt20O2vpg4PHeDDPz/FQKjbb9bVXW1jc2t6rbtZ3dvf2D+uFRVyeZYrzDEpmovk81lyLmHRQoeT9VnEa+5D1/cjvze09caZHEjzhNuRfRUSxCwSgayXXHFPP7YpgHvBjWG3bTnoOsEqckDSjRHta/3CBhWcRjZJJqPXDsFL2cKhRM8qLmZpqnlE3oiA8MjWnEtZfPby7ImVECEibKVIxkrv6eyGmk9TTyTWdEcayXvZn4nzfIMLz2chGnGfKYLRaFmSSYkFkAJBCKM5RTQyhTwtxK2JgqytDEVDMhOMsvr5LuRdOxm87DZaN1U8ZRhRM4hXNw4ApacAdt6ACDFJ7hFd6szHqx3q2PRWvFKmeO4Q+szx9vwZHu</latexit>

V̂de
<latexit sha1_base64="+YWdzrnaAaKdrtze93ZZHLcgQoQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51TZprxjsslanuhdRwKRTvoEDJe5nmNAklfwzHtzP/8YlrI1L1gJOMBwkdKhELRtFKvj+iWHSngyLi00G94TbdOcgq8UrSgBLtQf3Lj1KWJ1whk9SYvudmGBRUo2CST2t+bnhG2ZgOed9SRRNugmJ+85ScWSUicaptKSRz9fdEQRNjJkloOxOKI7PszcT/vH6O8XVQCJXlyBVbLIpzSTAlswBIJDRnKCeWUKaFvZWwEdWUoY2pZkPwll9eJd2Lpuc2vfvLRuumjKMKJ3AK5+DBFbTgDtrQAQYZPMMrvDm58+K8Ox+L1opTzhzDHzifP4Cvkfk=</latexit><latexit sha1_base64="+YWdzrnaAaKdrtze93ZZHLcgQoQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51TZprxjsslanuhdRwKRTvoEDJe5nmNAklfwzHtzP/8YlrI1L1gJOMBwkdKhELRtFKvj+iWHSngyLi00G94TbdOcgq8UrSgBLtQf3Lj1KWJ1whk9SYvudmGBRUo2CST2t+bnhG2ZgOed9SRRNugmJ+85ScWSUicaptKSRz9fdEQRNjJkloOxOKI7PszcT/vH6O8XVQCJXlyBVbLIpzSTAlswBIJDRnKCeWUKaFvZWwEdWUoY2pZkPwll9eJd2Lpuc2vfvLRuumjKMKJ3AK5+DBFbTgDtrQAQYZPMMrvDm58+K8Ox+L1opTzhzDHzifP4Cvkfk=</latexit><latexit sha1_base64="+YWdzrnaAaKdrtze93ZZHLcgQoQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51TZprxjsslanuhdRwKRTvoEDJe5nmNAklfwzHtzP/8YlrI1L1gJOMBwkdKhELRtFKvj+iWHSngyLi00G94TbdOcgq8UrSgBLtQf3Lj1KWJ1whk9SYvudmGBRUo2CST2t+bnhG2ZgOed9SRRNugmJ+85ScWSUicaptKSRz9fdEQRNjJkloOxOKI7PszcT/vH6O8XVQCJXlyBVbLIpzSTAlswBIJDRnKCeWUKaFvZWwEdWUoY2pZkPwll9eJd2Lpuc2vfvLRuumjKMKJ3AK5+DBFbTgDtrQAQYZPMMrvDm58+K8Ox+L1opTzhzDHzifP4Cvkfk=</latexit><latexit sha1_base64="+YWdzrnaAaKdrtze93ZZHLcgQoQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthaaUDabTbt0swm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvzKQw6LrfTmVtfWNzq7pd29nd2z+oHx51TZprxjsslanuhdRwKRTvoEDJe5nmNAklfwzHtzP/8YlrI1L1gJOMBwkdKhELRtFKvj+iWHSngyLi00G94TbdOcgq8UrSgBLtQf3Lj1KWJ1whk9SYvudmGBRUo2CST2t+bnhG2ZgOed9SRRNugmJ+85ScWSUicaptKSRz9fdEQRNjJkloOxOKI7PszcT/vH6O8XVQCJXlyBVbLIpzSTAlswBIJDRnKCeWUKaFvZWwEdWUoY2pZkPwll9eJd2Lpuc2vfvLRuumjKMKJ3AK5+DBFbTgDtrQAQYZPMMrvDm58+K8Ox+L1opTzhzDHzifP4Cvkfk=</latexit>

Eout
<latexit sha1_base64="2tQBRYD+Jm42+S+viEGeoDHcyCI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegCB4jmAckS5idTJIhszPLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEhh0fe/vcLa+sbmVnG7tLO7t39QPjxqWp0axhtMS23aEbVcCsUbKFDydmI4jSPJW9H4dua3nrixQqtHnCQ8jOlQiYFgFJ3UuutlOsVpr1zxq/4cZJUEOalAjnqv/NXta5bGXCGT1NpO4CcYZtSgYJJPS93U8oSyMR3yjqOKxtyG2fzcKTlzSp8MtHGlkMzV3xMZja2dxJHrjCmO7LI3E//zOikOrsNMqCRFrthi0SCVBDWZ/U76wnCGcuIIZUa4WwkbUUMZuoRKLoRg+eVV0ryoBn41eLis1G7yOIpwAqdwDgFcQQ3uoQ4NYDCGZ3iFNy/xXrx372PRWvDymWP4A+/zB4/6j7Q=</latexit><latexit sha1_base64="2tQBRYD+Jm42+S+viEGeoDHcyCI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegCB4jmAckS5idTJIhszPLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEhh0fe/vcLa+sbmVnG7tLO7t39QPjxqWp0axhtMS23aEbVcCsUbKFDydmI4jSPJW9H4dua3nrixQqtHnCQ8jOlQiYFgFJ3UuutlOsVpr1zxq/4cZJUEOalAjnqv/NXta5bGXCGT1NpO4CcYZtSgYJJPS93U8oSyMR3yjqOKxtyG2fzcKTlzSp8MtHGlkMzV3xMZja2dxJHrjCmO7LI3E//zOikOrsNMqCRFrthi0SCVBDWZ/U76wnCGcuIIZUa4WwkbUUMZuoRKLoRg+eVV0ryoBn41eLis1G7yOIpwAqdwDgFcQQ3uoQ4NYDCGZ3iFNy/xXrx372PRWvDymWP4A+/zB4/6j7Q=</latexit><latexit sha1_base64="2tQBRYD+Jm42+S+viEGeoDHcyCI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegCB4jmAckS5idTJIhszPLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEhh0fe/vcLa+sbmVnG7tLO7t39QPjxqWp0axhtMS23aEbVcCsUbKFDydmI4jSPJW9H4dua3nrixQqtHnCQ8jOlQiYFgFJ3UuutlOsVpr1zxq/4cZJUEOalAjnqv/NXta5bGXCGT1NpO4CcYZtSgYJJPS93U8oSyMR3yjqOKxtyG2fzcKTlzSp8MtHGlkMzV3xMZja2dxJHrjCmO7LI3E//zOikOrsNMqCRFrthi0SCVBDWZ/U76wnCGcuIIZUa4WwkbUUMZuoRKLoRg+eVV0ryoBn41eLis1G7yOIpwAqdwDgFcQQ3uoQ4NYDCGZ3iFNy/xXrx372PRWvDymWP4A+/zB4/6j7Q=</latexit><latexit sha1_base64="2tQBRYD+Jm42+S+viEGeoDHcyCI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegCB4jmAckS5idTJIhszPLTK8QlnyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXlEhh0fe/vcLa+sbmVnG7tLO7t39QPjxqWp0axhtMS23aEbVcCsUbKFDydmI4jSPJW9H4dua3nrixQqtHnCQ8jOlQiYFgFJ3UuutlOsVpr1zxq/4cZJUEOalAjnqv/NXta5bGXCGT1NpO4CcYZtSgYJJPS93U8oSyMR3yjqOKxtyG2fzcKTlzSp8MtHGlkMzV3xMZja2dxJHrjCmO7LI3E//zOikOrsNMqCRFrthi0SCVBDWZ/U76wnCGcuIIZUa4WwkbUUMZuoRKLoRg+eVV0ryoBn41eLis1G7yOIpwAqdwDgFcQQ3uoQ4NYDCGZ3iFNy/xXrx372PRWvDymWP4A+/zB4/6j7Q=</latexit>

Figure 3: Decoder overview.

Encoder-decoder framework advances machine translation and
has been widely used in other fields such as computer vision and
time series processing. After encoding the infection process by
modeling the mobility of the population, we here adopt a decoder
to make final predictions by considering historical observed cases
and hidden unobserved cases, which both contribute to future posi-
tive detections. We use a similar decoder structure as [21] and it
mainly consists of an embedding layer and two identical multi-head
attention layers. Figure 3 illustrates the structure of decoder.

4.2.1 Horizon-aware Embedding. The embedding layer is designed
to temporally embed inputs with regard to the prediction horizon.
Given historical data of cases and corresponding deaths, i.e., C =
[c1, ..., cLx ] = X[:, 0] and F = [f1, ..., fLx ], prediction horizon ∆, a
1dConv layer with kernel size ∆ is used to embed the sequence,

Hde = σ (Wde ∗ [C;F ] + bde ), (5)

where [:] denotes the slicing operation,Wde is the linear transform-
ing matrix and bde denotes the bias.

4.2.2 Attentive Encoding. Then, multi-head self-attention is per-
formed over 2D-reshaped Hde , with a mask that only allows infor-
mation propagation within specific statistics, which is in order to
keep variables’ feature clean before introducing keys and values,
i.e.,
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H̃
′

de = MultiHeadAttn(Qde , K̂de , V̂de ,mask),

Qde = [Hde,1; ...;Hde, L̃dex
] = V̂de = Êde .

(6)

Next, we feed a multi-head cross-attention layer with the updated
embeddings of the decoder input, which is denoted as H̃

′

de , and
output of the encoder,

Dout = MultiHeadAttn(Q
′

de ,Kde ,Vde ),

Q
′

de = H̃
′

de ,Kde = Vde = Eout ,
(7)

where L̃∆x is the post-convoluted sequence length of the decoder in-
put, Dout ∈ R

2L̃dex ×C is the computed output of the cross-attention
layer.

4.3 Final Prediction
We then reshape Dout into R2×L̃

de
x ×C and the final output is com-

puted through a linear transformation of the concatenation of the
encoder output and the corresponding last time step in Dout , i.e.,

Ŷ = дd ([Eout ;Dout [:,−1, :]];θd ), (8)

where дd (;θd ) is the transforming block.
We use mean square error (MSE) as the loss function. Algorithm

1 demonstrates the macro training process of the model.

5 EXPERIMENTS AND RESULTS
5.1 Datasets and Metrics
We use the monthly places patterns dataset 4 produced by Safe-
Graph for human mobility modeling. The dataset contains daily
visitor and demographic aggregations of about 4.4MM POIs in the
US. The duration of the dataset is from January 2018 to the present.
We generate CBG-level human mobility by first aggregating POIs
of a CBG and then making a summation of the "visits_by_day"
column.

For COVID-19 statistics, we use the public JHU-CSSE COVID-19
dataset of the US 5 as gold-standard data. The dataset collects daily
cases and deaths from when the county began reporting to present.

For evaluation, we produce two datasets by extracting counties
in New York and California respectively. We considered the dataset
duration of all counties to be between February 1-st, 2020 to De-
cember 31-st, 2020. For cases and deaths, since the start-reporting
date varied from county to county, there can be missing data points
at the beginning of the duration. We fill these missing data with 0s.
For other kinds of missing data, i.e., the missing data in the mobility
dataset and during the pandemic, we fill them with previous values.

New York: Contains data of 32 counties. The number of CBGs
of each county ranges from 1 to 900 with an average number of
40.63, a median number of 4. The average daily CBG visitor count
of a county between February 1-st, 2020 to December 31-st, 2020
is 42.77. The average daily incident confirmed cases of a county at
the sampled date October 31-st, 2020 is 21.53 and weekly incident
cases are 111.90.
4https://docs.safegraph.com/docs/places-schema#section-patterns
5https://github.com/CSSEGISandData/COVID-19/tree/master/csse_covid_19_data
/csse_covid_19_time_series

Algorithm 1 Network training of the model
1: Input:

County level historical case data and human mobility patterns
measured by CBG visitor counts X, historical death data F , ∆;

2: Output:
Model parameters;

3: Initialize:
Hyper parameters: Input sequence length Lx , batch size bn ,
kernel size and channel C of K convolutional kernels, self-
attention related hyper parameters, GNN depth L, MLP layer
number and embedding size;

4: for epoch in N epochs do
5: for batch {[X(t1),F (t1)], ..., [X(tbn ),F (tbn )]} ∈ training set

do
6: /* The encoder */
7: Temporal embedding according to Equation 1;
8: for layer l in L layers do
9: Compute Adjacency matrix by Equation 2;
10: Message passing and update node representations in

Equation 3;
11: end for
12: Fuse information across ranges according to Equation 4;
13: /* The decoder */
14: Embedding decoder inputs by Equation 5 and making

attentive prediction Ŷ(ti + ∆) by Equation 7, 8;
15: Compute training loss as L = MSE(Ŷ(ti +∆),Y(ti +∆))
16: Perform gradient descend w.r.t. model parameters;
17: end for
18: /* Validation process (omitted)*/
19: Save the better model according to RAE on validation set;
20: end for

California: Data of 34 counties is available. The number of CBGs
of each county ranges from 1 to 1657 with an average number of
142.47, a medium number of 40. The average daily CBG visitor count
of a county between February 1-st, 2020 to December 31-st, 2020 is
77.36. The average daily incident confirmed cases of a county at the
sampled date October 31-st, 2020 are 107.76 and weekly incident
cases are 647.15.

Key statistics of the two datasets are summarized in Table 1.

Table 1: Statistics of datasets.

New York California

# county 32 34
Ave. # CBGs 40.63 142.47
Ave. # daily cases 21.53 107.76
Avg. # weekly cases 111.90 647.15

As a common practice, we evaluate the model by three metrics,
Root Mean Square Error (RMSE), Mean Absolute Error (MAE) and
Relative Absolute Error (RAE), which are computed as:

RMSE =

√√√
1
T

tT∑
t=t1

(ŷt − yt )2, (9)
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MAE =
1
T

tT∑
t=t1

|ŷt − yt |, (10)

RAE =

tT∑
t=t1

|ŷt − yt |

tT∑
t=t1

|yt − yt1:tT |

, (11)

where ŷ is the prediction output, y is the ground-truth value, t ∈
[t1, tT ] is the time instance in test set, y is the mean of set y.

5.2 Baselines
5.2.1 Weekly Prediction. The US CDC opened a project to collect,
standardize, visualize and synthesize COVID-19 forecast data from
global modeling groups 6. The submitted forecasting files are week-
ahead forecasts, which represent the total number of new cases
reported during a given epiweek (from Sunday through Saturday, in-
clusive). We compare our model with the models submitted to CDC
for the task of weekly prediction. Though only limited models are
published as papers or open-sourced, their standardized prediction
data is available [18]. Thus, instead of reproducing their models, we
directly evaluate their prediction results. The submission update
frequency, target prediction location, and granularity vary from
group to group. Filtered by the availability of county-level predic-
tion data lies between November 1-st, 2020 and December 31-st,
2020 (the "target_end_date" column), the compared models are:

• CEID-Walk: A statistical random walk model.
• CMU-TimeSeries: An autoregressive time-series model.
• Google_Harvard-CPF: An SEIR model fit with machine
learning.

• IowaStateLW-STEM: A nonparametric spatiotemporalmodel.
• JHUAPL-Bucky: A metapopulation SEIR model.
• LNQ-Ens1: A machine learning model.
• OliverWyman-Navigator: A time-dependent SIR model.
• UCLA-SuEIR: An SuEIR model with machine learning.
• UMass-MechBayes: A mechanistic Bayesian compartment
model.

• USC-SI_kJalpha: An SIR model.
• UVA-Ensemble: An ensemble of an auto-regressive model,
a machine learning model, and an SEIR model.

• COVIDhub-Baseline: A baseline model by predicting with
the most recent observation and historical difference.

• COVIDhub-Ensemble: An ensemble model of predictions
meeting submission criteria of CDC.

A more detailed description of the compared models can be found
at [3, 18].

5.2.2 Daily Prediction. It is also interesting to see if the model
could perform well on forecasting COVID-cases daily. The task
of daily prediction aims at forecasting the number of new cases
reported for a given day. The test set is chosen as every day between
November 1-st, 2020 to December 31-st (inclusive). We compare
our model with state-of-the-art COVID-19 prediction model and
time series forecasting models. The baselines are:

• LSTM: A 2-layer LSTM model, taking daily cases as input.
• GRU: A 2-layer GRU model, taking daily cases as input.

6https://www.cdc.gov/coronavirus/2019-ncov/cases-updates/forecasts-cases.html

• HMM: A hidden Markov model by taking mean values, min-
imum values, and maximum values of cases of every five
days as features.

• Informer [30]: An attention-based model for time series
forecasting.

• M-SEIR [28]: A modified SEIR model integrating population
migration data.

• Mobility-SEIR [5]: A SEIR model incorporating human mo-
bility patterns.

5.3 Implementation Details
All experiments are implemented on 4 Intel(R) Xeon(R) E5-2690 v4
@ 2.60GHz CPUs and 2 TITAN XP GPUs.

5.3.1 Module Architecture. For the embedding layer of the encoder,
the channel size is set as 32. For all MultiHeadAttn parts of encoder
and decoder, the number of layers is set as 1, with queries, keys,
and values of dimension 3, head number equals 3, and inner-layer
of dimension 8. As for the predictor, embedding dimension of the
MLP is optimized by the hyper-parameter optimization framework
Optuna 7 within the range [16, 64], step size 16.

5.3.2 Hyper-parameter Setting. For each dataset, we split it into
8:1:2 for training, validation, and test. The input length of each
prediction is set as 64 for the California dataset and 48 for the New
York dataset. The kernel sizes of the encoder embedding layer are
set as [7, 14, 21]. The batch size is set as 8 for weekly prediction
and chosen by Optuna in range [8, 32] with step size 8 for daily
prediction. We choose the optimizer through Optuna, searching
from Adam, SGD, RMSprop. We initialize the learning rate as 1e-5
and let it decay by 0.8 every 10 epochs. The weight decay rate is set
as 1e-5. The total number of epochs is set as 500, through which
we save the best model based on the RAE of the validation set and
reload it for the final evaluation of the test set. We implement early
stopping on validation RAE with patience 100. Unless explicitly
stated, all reported results are on the test set. A dropout rate of
0.001 is applied to the attention and MLP layers. If not specified or
tuned with Optuna, all parameters are the same on four datasets.
For each test, we run the proposed model 10 times with different
random seeds and report the mean values of metrics.

5.4 Main Results
5.4.1 Weekly Prediction. Results are reported in Table 2, with best
results highlighted in bold, evaluated county number denoted as
# county. All metrics are computed by county and we take the
average value over counties to present final results. The same results
preprocessing strategy is applied to the daily prediction results as
illustrated in Table 3.

Inmost cases of the prediction horizon and datasets, the proposed
method performs significantly better than baseline models. Almost
all of the best results are achieved by the proposed method. In
the New York dataset with prediction horizon 1 week, baseline
prediction MAE is 70.679 and the proposed method improves the
statistic to 51.404, bringing in up to 28% relative improvement. Note
that though model UMass-MechBayes achieves the best results on

7https://github.com/optuna/optuna
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Table 2: Summary of weekly forecasting comparison results. Best results are highlighted in bold.

Dataset CA NY Dataset CA NY

Method Metric 1 wk 2 wk 3 wk 1 wk 2 wk 3 wk Method Metric 1 wk 2 wk 3 wk 1 wk 2 wk 3 wk

RAE 0.9080 1.0852 1.1630 0.9460 1.6181 1.8954 RAE 1.2894 - - 0.8100 1.1526 -
MAE 4043.9 2013.3 2456.2 154.37 297.61 352.71 MAE 3601.1 - - 147.12 196.63 -
RMSE 9091.2 2579.6 3088.4 186.28 360.04 413.95 RMSE 6289.9 - - 192.06 252.24 -Google_Harvard-CPF
# county 34 32

UVA-Ensemble
# county 34 32

RAE 0.8323 1.1647 1.4303 0.8789 1.0065 1.2585 RAE 1.2445 1.5149 1.7876 1.0727 2.0222 2.8041
MAE 1376.3 2267.4 2934.9 120.79 167.57 240.72 MAE 1331.8 1789.1 1851.6 182.57 313.28 384.05
RMSE 1775.4 2799.9 3523.5 143.07 190.34 263.41 RMSE 1905.7 2475.5 2387.3 223.84 398.2 495.16IowaStateLW-STEM
# county 34 31

JHUAPL-Bucky
# county 34 32

RAE 0.6957 1.1266 1.4344 0.8649 1.232 1.5745 RAE 0.5733 0.8867 1.1421 0.5876 0.9090 1.2115
MAE 1393.9 2554.7 3247.1 330.25 661.39 888.18 MAE 1100.4 1811.3 2424.5 106.53 189.16 264.36
RMSE 1772.2 3000.2 3834.1 380.01 741.93 986.12 RMSE 1445.7 2322.2 2992.3 125.91 214.94 292.75UCLA-SuEIR
# county 29 11 10

CEID-Walk
# county 34 32

RAE 0.5736 0.8873 1.1463 0.5834 0.9029 1.2046 RAE 0.6112 0.7943 0.9998 0.3887 0.6531 0.8576
MAE 1099.4 1814.8 2429.9 106.21 186.89 263.36 MAE 1374.9 1951.0 2323.3 288.84 477.63 635.11
RMSE 1438.7 2322.3 2992.8 126.04 213.09 291.82 RMSE 1673.2 2463.6 2952.1 358.51 610.77 914.11COVIDhub-Baseline
# county 34 32

UMass-MechBayes
# county 26 8

RAE 0.6545 0.7487 0.7949 - - - RAE 0.5443 0.8433 1.0806 0.5275 0.7837 1.0876
MAE 1834.2 2643.9 3134.9 - - - MAE 989.18 1652.8 2160.1 91.719 151.64 228.93
RMSE 2468.5 3646.0 3964.8 - - - RMSE 1287.5 2107.5 2628.2 111.59 181.64 256.54CMU-TimeSeries
# county 19 -

COVIDhub-Ensemble
# county 34 32

RAE 0.5681 0.8291 0.9973 0.6198 0.9300 1.1801 RAE 0.5162 0.6704 0.7775 0.5566 0.7804 1.0530
MAE 964.01 1363.0 1778.7 97.191 150.30 217.08 MAE 897.25 1147.9 1536.6 81.148 118.25 160.66
RMSE 1229.9 1815.2 2304.7 118.17 187.37 259.07 RMSE 1246.3 1669.1 1942.6 102.88 142.19 187.20USC-SI_kJalpha
# county 34 32

OliverWyman-Navigator
# county 34 32

RAE 0.4916 0.7379 0.9363 0.4654 0.7201 0.9515 RAE 0.4662 0.6617 0.7569 0.4102 0.7200 0.9241
MAE 731.30 1252.5 1832.9 70.679 117.32 171.38 MAE 658.60 1108.2 1423.2 51.404 115.51 150.58
RMSE 968.74 1732.2 2408.0 89.876 142.73 192.52

Ours
RMSE 909.68 1609.1 1886.4 67.194 138.94 169.71LNQ-Ens1

# county 34 32 # county 34 32

RAE of the New York dataset, the statistics are counted only among
8 counties.

Though for all models, the prediction accuracy drops as the hori-
zon becoming farther, it is worth noting that the proposed approach
is more robust compared to baselines: the relative declination is
less significant.

5.4.2 Daily Prediction. Compared with the task of weekly predic-
tion, daily prediction is an even harder task given that the noise
of data is more evidential if looked into daily. Results are reported
in Table 3, with best results highlighted in bold. Again, across all
of the prediction horizons and all of the datasets, the proposed
method performs significantly better than baseline models. More
concretely, the proposed model gains 40%, 32%, 50%,42% relative
improvements over the best baselines, in horizon 14, 21 California
dataset and horizon 14, 21, New York dataset, respectively.

Another interesting observation is that the state-of-the-art time
series forecasting model Informer [30] doesn’t perform well on the
task of COVID-19 prediction and the variance of prediction results
over different horizons is small. This could result from that Informer
is originally proposed for long sequence time-series forecasting
and such a prediction of relatively short length and at long horizon
is not its strength. Instead, some naive but general methods such
as HMM and GRU perform much better. Moreover, it can also be
observed that for the proposed model, the prediction accuracy does
not always decline as the horizon gets larger. This is mainly owing

to the weekly periodic pattern of data reporting in some counties,
therefore easy for the model to learn.

5.5 Ablation Study
We conduct detailed ablation study in Table 4 to explore the effect
of each component of the proposed approach. Results are calculated
on New York dataset for the task of 1 week ahead weekly prediction.
The original version of th proposed method Ours and LNQ-Ens1
are listed for comparison. All variants are trained with the same
batch size. We now discuss the results by variants.

5.5.1 Effect of Key Encoder Components. To evaluate the effect of
the encoder, we create two variants.

Ours-w/o-mobility.Ours-w/o-mobility is a variant that human
mobility patterns that are not modeled. We achieve so by excluding
CBG visitor counts data in the input. The problem can thus be
defined as given historical cases and deaths, predict future cases.
Removing human mobility in inputs, the variant Ours-w/o-mobility
can only mine the exposure-infection process from reported cases,
thus inevitably lead to worse results. It is interesting to note that
though the variant achieves inferior performance over the proposed
method, it still outperforms state-of-the-art baseline LNQ-Ens1
significantly, which indicates that the model could still be effective
even on datasets where human mobility patterns are not available.

Ours-w/o-cross. In this variant we directly utilize the features
embedded in each defined range instead of fusing them. We main-
tain the structure before the cross-range fusion module discussed
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Table 3: Summary of daily forecasting comparison results. Best results are highlighted in bold.

Dataset California New York

Method Metric 3 d 7 d 14 d 21 d 3 d 7 d 14 d 21 d

RAE 2.1933 2.1914 2.2646 2.3420 2.3367 2.3346 2.4068 2.4899
MAE 814.14 817.81 837.97 854.02 121.44 121.24 124.10 127.88LSTM
RMSE 924.83 931.66 952.11 960.71 126.99 126.74 129.33 133.00

RAE 1.3481 1.3345 1.3528 1.3564 1.7764 1.7788 1.7842 1.7399
MAE 581.45 580.65 582.14 581.79 72.644 72.781 72.774 72.582Informer
RMSE 755.97 755.22 756.76 756.38 83.908 84.013 84.015 83.856

RAE 1.0321 1.1406 1.4288 2.5094 1.4797 1.5272 1.5271 1.5611
MAE 486.68 543.29 578.51 937.85 56.745 55.696 53.311 53.966M-SEIR
RMSE 668.74 721.99 811.88 1252.1 67.722 66.551 63.955 64.519

RAE 1.0642 1.0773 1.1487 1.2129 0.9771 1.0317 1.0828 1.1426
MAE 418.34 427.50 507.23 534.15 35.185 34.474 38.580 38.404HMM
RMSE 664.51 670.70 732.75 780.32 46.241 43.658 48.068 47.912

RAE 1.0720 1.0836 1.0938 1.1266 1.0308 1.0678 1.1585 1.2406
MAE 402.79 412.89 418.68 434.86 37.081 37.371 41.903 48.085Mobility-SEIR
RMSE 539.50 544.46 549.70 596.00 45.830 46.422 51.105 57.676

RAE 1.0345 0.9972 1.0728 1.1132 1.0661 1.0736 1.1733 1.2603
MAE 364.06 375.51 409.50 425.81 37.669 39.471 45.399 50.839GRU
RMSE 516.47 522.44 567.78 586.41 46.382 47.352 53.100 58.658

RAE 1.0174 0.7940 0.8229 0.8426 0.8979 0.7126 0.7540 0.7944
MAE 266.50 215.86 245.80 289.12 21.620 18.415 19.272 22.192Ours
RMSE 383.04 313.18 358.29 410.41 27.037 24.545 26.316 28.880

Table 4: Summary of ablation study results on the New York
dataset, 1-week-ahead prediction.

Method RAE MAE RMSE
LNQ-Ens1 0.4654 70.679 89.876
Ours 0.4102 51.404 67.194
Ours-w/o-mobility 0.4366 61.681 79.089
Ours-w/o-cross 0.6267 115.28 131.12
Ours-w/o-decoder 0.5439 85.866 103.87
Ours-w/o-death 0.5616 93.377 111.76
Ours-w/o-residual 0.4486 61.463 76.766

in Section 4.1.3 and simply concatenate the feature from the corre-
sponding last time steps to obtain Eout . It can be observed in Table
5 that Ours-w/o-cross gives the worst results among all models and
variants, which indicates that the fusion layer plays an important
role in the model. The reason why cross-range fusion is impor-
tant could be that when the incubation period of a data point is
uncertain, it is necessary to assume multiple alternatives and allow
information to be propagated among them.

5.5.2 Effect of Key Decoder Components. Three variants are cre-
ated to evaluate the decoder.

Ours-w/o-decoder. In a neural machine translation task, de-
coders serve the role of matching source language to the target
language. However, a decoder is usually not necessary for normal
time series forecasting tasks. This is especially true when the en-
coder explicitly models the serial feature of an input sequence. So
does the decoder in our model help? We remove the entire decoder
to create the Ours-w/o-decoder variant. The output of the encoder,
i.e., Eout , is fed to the final prediction layer, which contains a 2-
layer MLP to compute the final prediction. The results show that
the variant performs much worse than the proposed model and the
baseline as well. Therefore, it can be concluded that it is effective
to comprehensively decode the embedded message obtained from
the encoder.

Ours-w/o-death. Besides verifying that a decoder works, it is
also interesting to explore which specific part of the decoder con-
tributes the most. In the Ours-w/o-death variant, we only use re-
ported case data as decoder inputs. In other words, the model only
has access to observed cases data. We can tell from the result that
such a variant is actually a misuse of decoder, given it downgrades
the performance and is even inferior to Ours-w/o-decoder. The key
functionality of an encoder-decoder framework is that the encoder
transforms an input into certain states while the decoder maps the
states with processed queries. The proposed method can easily be
trained to accommodate such functionality: using observables and
unobservables to fit the detected.

Ours-w/o-residual. In this variant, we remove the residual con-
nection in Equation 8. It can be told from the results that such a
residual connection can contribute positively to the model. It is
worth mentioning the variant itself also works well since the result
is significantly superior to the state-of-the-art baseline LNQ-Ens1.

We conclude from the ablation study that not using mobility
data is fine but is inferior to the originally proposed approach;
cross-range fusion helps enhance prediction accuracy a lot because
it jointly models various incubation periods; a proper decoder is
necessary; using only the observed cases to decode the embedding
information is a misuse of the decoder, which means death data
plays a rather important role in the decoder; and residual connection
makes a positive contribution to the decoder.

5.6 Effect of Model Parameters
We now evaluate the proposed framework on key hyperparameters.

5.6.1 Effect of Input Length and Kernel Size. The size of the convo-
lutional kernel influences how the model observes the raw temporal
data. To further investigate how the temporal embedding works
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Table 5: Effect of input length and kernel size on the New
York dataset, 1-week-ahead prediction.

Metric Ranges 32 48 64

RAE

(7) 0.5455 0.5494, 0.5542
(7, 14) 0.4360 0.4366 0.4505
(7, 21) 0.6102 0.6071 0.5966
(14, 21) 0.6953 0.6846 0.6598
(7, 14, 21) 0.5535 0.5218 0.4102

MAE

(7) 91.553 96.771 96.029
(7, 14) 57.683 54.537 54.277
(7, 21) 109.55 101.41 101.41
(14, 21) 111.19 122.23 112.61
(7, 14, 21) 91.443 81.355 51.404

RMSE

(7) 108.55 112.74 113.04
(7, 14) 74.280 72.322 72.557
(7, 21) 129.90 122.86 122.71
(14, 21) 126.34 137.94 128.24
(7, 14, 21) 109.21 98.617 67.194

and why cross-range fusion is effective, we test our model with
different input sequence lengths and incubation ranges. (, ) denotes
the size(s) of the kernel(s) of the encoder, which represents the
incubation range(s). For simplicity, we choose the kernels that are
the integral multiplication of 7. Only kernel sizes no greater than
21 are considered because according to epidemic research [13] the
incubation period of COVID-19 rarely exceeds 21 days.

Generally, a longer length of input enables the model to learn
from long-term patterns and thus enhances the prediction accuracy.
For instance, the proposed model equipped with the incubation
ranges (7, 14, 21) and 64-length input sequence improves by 26%,
44%, and 39% on RAE, MAE, and RMSE respectively, compared with
the one with an input sequence of length 32. This trend doesn’t
hold for all range combinations, for example, an inverse trend can
be found on the proposed model equipped with range (7). Another
observation is that the combination (7, 14, 21) achieves the best
results among all other combinations across all evaluated input
lengths. This could result from that the embeddings obtained from
and fused across these perspectives are comprehensive enough.

5.6.2 Effect of Model Depth. To evaluate the effect of GNN and
MLP layers’ depth, we test our model on the New York dataset
w.r.t. RMSE and Empirical Correlation Coefficient (CORR) with
different depth of GNNs and MLPs. CORR is computed as:CORR =

tT∑
t=t1

(yt−yt1:tT )(ŷt−ŷt1:tT )√
tT∑
t=t1

(yt−yt1:tT )2
tT∑
t=t1

(ŷt−ŷt1:tT )2

. We show the results on validation

set of Ontario County in box-plots as demonstrated in Figure 4. G-
in Ours-G-{1,2}-M-{1,2} indicates the GNN depth and M- denotes
the MLP depth. We run models 200 epochs for all settings. It could
be conclude that that 1-layer MLP is enough; larger depth of graph
attention layer enables node to learn from a global perspective and
thus enhances the expressive capacity of graph neural networks,
which fastens the learning process.

5.6.3 Effect of Embedding Size. In order to study the impact of em-
bedding size of the embedding layers and MLP layers, we compare
six variants of the proposed model on the New York dataset and
show validation curves w.r.t. CORR and RMSE. The name Ours-
C-{8, 32}-E-{16, 32, 64} indicates a variant of the proposed model
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Figure 4: Effect of embedding size. CORR andRMSE aremea-
sured on 1-week-ahead prediction for Ontario County of the
New York dataset.
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Figure 5: Effect of model depth. CORR and RMSE are mea-
sured on 1-week-ahead prediction of Ontario County in the
New York Dataset.

with convolutional channel size chosen from {8, 32} and MLP em-
bedding dimension chosen from {16, 32, 64}. We plot the learning
curve on the validation set and the total number of epochs is fixed
as 200, as illustrated in Figure 5. Generally, a larger embedding di-
mension achieves better results. Except for Ours-C-8-E-16, models
equipped with other settings roughly converge at CORR=0.75 in
the 200th epoch; and Ours-C-8-E-64 is the slowest learner on RMSE
while Ours C-32-E-16 is the fastest. This gives a hint that a larger
channel size of the embedding layer can model temporal features
more thoroughly, which is beneficial to predict the overall pattern
of a time series. The embedding size of the MLP layer together
with the above-mentioned channel size can greatly influence the
training process of predicting the exact number of COVID-19 cases.
Therefore, it is suggested to jointly consider the effect of both two
parameters when tuning the model.

6 CONCLUSIONS
In this paper, we propose a simple and effectivemulti-range encoder-
decoder framework for COVID-19 infection prediction. It learns
the temporal transmission between groups based on reported cases
and human mobility data with multiple exposure-infection ranges
considered, and makes predictions based on both observed and
hidden cases. In this way, unobservable but vital factors affecting
virus spreading can be fully exploited. Extensive experiments in
weekly and daily prediction tasks validate the effectiveness of the
approach across different prediction horizons and datasets.
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